QUASICONFORMAL PLANES WITH BI-LIPSCHITZ PIECES
AND EXTENSIONS OF ALMOST AFFINE MAPS

JONAS AZZAM, MATTHEW BADGER, AND TATIANA TORO

ABSTRACT. A quasiplane f(V) is the image of an n-dimensional Euclidean subspace V of RY
(1 < n < N — 1) under a quasiconformal map f : RY — RY . We give sufficient conditions
in terms of the weak quasisymmetry constant of the underlying map for a quasiplane to be a bi-
Lipschitz n-manifold and for a quasiplane to have big pieces of bi-Lipschitz images of R"™. One
main novelty of these results is that we analyze quasiplanes in arbitrary codimension N — n.
To establish the big pieces criterion, we prove new extension theorems for “almost affine” maps,
which are of independent interest. This work is related to investigations by Tukia and Véisild on
extensions of quasisymmetric maps with small distortion.
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The quasiconformal maps of Euclidean space (whose precise definition is deferred until §2)

are a class of homeomorphisms f : RY — RY (IV > 2) with several nice properties:
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e f maps balls onto regions with uniformly bounded eccentricity (f is quasisymmetric);
e f is differentiable at Lebesgue almost every x € R”; and
e f maps sets of Lebesgue measure zero onto sets of Lebesgue measure zero.

Nevertheless, quasiconformal maps may distort geometric characteristics of lower dimensional
sets in RY such as Hausdorff dimension, Hausdorff measure, and rectifiability. For example,
there exist quasiconformal maps of the plane that map the unit circle onto the Koch snowflake.
It is natural to ask, therefore, under which circumstances—and to what extent—can one control
the distortion of geometry by quasiconformal maps. This question has been studied from a
number of viewpoints by several authors, see e.g. [Ast94], [Hei96], [Sem96], [Bis99], [DT99],
[Roh01], [MMPVO02], [MMVO07], [Pra07], [KO09], [LSUT10], [Mey10], [Smil0], [PTUT12],
[ACT™13], [BMT13], [BGRT14], [VW14], [Azz], [BH], and the references therein.

In this paper, we find conditions that ensure that a quasiplane is rectifiable, or that at least,
ensure that a quasiplane contains nontrivial rectifiable subsets. A quasiplane is the image f (1)
of an n-dimensional Euclidean subspace V' C RY (1 < n < N —1) under a quasiconformal map
f:RY — RN, Whenn = 1, a quasiplane f(V) is also called a quasiline. Whenn = N — 1, a
quasiplane f(V') is the unbounded variant of a quasisphere g(S™~1), which is the image of the
unit sphere SV ~! under a quasiconformal map g : RY — R¥. Aset X C R¥ is n-rectifiable (in
the sense of geometric measure theory, e.g. see [Mat95]) if there exist countably many Lipschitz
maps f; : [0,1]" — RY whose images cover #"-almost all of X, that is,

s (X \ U, #(00.11) =0,

where 57" denotes n-dimensional Hausdorff measure on R™. This notion of rectifiability can
be strengthened or weakened in a variety of ways, a few of which will enter the discussion below.
In particular, a set X C R¥ is locally L-bi-Lipschitz equivalent to subsets of R" if forall 7y € X
there exist 7 > 0, amap h : X N BN(:L'O, r) — R", and a constant ¢ > 0 such that

clz —y| < |h(x) — h(y)| < Lejxz —y| forall z,y € X N B (zq,7). (1.1)

We also say that X is locally bi-Lipschitz equivalent to subsets of R™ if the bi-Lipschitz constant
L in (1.1) is allowed to depend on z.

In [BGRT14], the second and third named authors, jointly with James T. Gill and Steffen
Rohde, gave sufficient conditions for a quasisphere f(S™V~1) to be locally bi-Lipschitz equivalent
to subsets of RV, The conditions were given in terms of the maximal dilatation of f [BGRT14,
Theorem 1.1] and in terms of the weak quasisymmetry constant of f [BGRT14, Theorem 1.2].
The latter condition can be reformulated for quasiplanes, as follows. For all X C R”" and maps
[ X — RY, the weak quasisymmetry constant Hy(X) € [1,00] of f in X is the least constant
such that for all z,y,a € X,

[z —al < |y —al = [f(z) = f(a)] < H(X)|f(y) = fla).
In order to simplify several expressions below, we assign

Hy(X):= Hy(X) —1.
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For all 1 < n < N, we identify the Euclidean space R™ with the subspace R"™ x {O}N " of RN,
We let B"(z, ) and B2 (x, r) denote, respectively, the closed and open ball in R™ with center = €

R"™ and radius r > 0. In addition, we let £ denote Lebesgue measure on R™ and we normalize
n-dimensional Hausdorff measure #™ on RY so that 7#"(B"(0,1)) = £"(B"(0,1)).

Theorem 1.1. ([BGRT14]) Suppose 1 <n =N — 1. If f : RN — R" is quasiconformal and

1

~ d

/ sup H;(BY(x, 7"))2—r < oo forall zg € R", (1.2)
0 xz€B™(z0,1) r

then the quasiplane f(R") is locally (14-9)-bi-Lipschitz equivalent to subsets of R"™ for all § > 0.

Thus, f(R"™) is n-rectifiable and " L f(R™) (the restriction of 7™ to f(R")) is locally finite.

The conclusion in Theorem 1.1 that f(R") is locally (1+ ¢)-bi-Lipschitz equivalent to subsets
of R™ for all § > 0 is strictly weaker than f(R") being locally C*. However, if 1 <n < N — 1
and the square Dini condition (1.2) is replaced with a linear Dini condition, then the quasiplane
f(R") is a C' embedded submanifold of R”; see [Res94, Chapter 7, §4].

The first main result of this paper is to extend Theorem 1.1 to arbitrary codimension.

Theorem 1.2. Suppose 1 <n < N — 1. If f : RN — R¥ is quasiconformal and (1.2) holds,
then the quasiplane f(R™) is locally (140)-bi-Lipschitz equivalent to subsets of R"™ for all § > 0.
Thus, f(R™) is n-rectifiable and 7™ _ f(R") is locally finite.

Secondly, we show how to relax the hypothesis of Theorem 1.2 and obtain the conclusion that
a quasiplane is locally bi-Lipschitz equivalent to subsets of R".

Theorem 1.3. Suppose 1 <n < N — 1. If f : RY — R¥ is quasiconformal and

1

sup / f[f(BN(x,r))Qﬁ < oo forall zg € R", (1.3)
z€B"™(z0,1) JO r

then the quasiplane f(R") is locally bi-Lipschitz equivalent to subsets of R™ near f(x) for each

xo € R™ with local bi-Lipschitz constant depending only on n, N, and the quantity in (1.3).

Thus, f(R™) is n-rectifiable and 7™ _ f(R") is locally finite.

The exponent 2 appearing in Theorems 1.2 and 1.3 is the best possible; that is, 2 cannot be
replaced with 2 + ¢ for any ¢ > 0. For example, the construction in David and Toro [DT99]
(with the parameters Z = R" and ¢; = 1/j) can be used to produce a quasiconformal map
f:RY = R¥ (N =n + 1) such that

1

/ sup ﬁf(BN(m, 7"))2Jrsﬁ < oo forall zp € R"and e > 0,
0 z€B™(z0,1) r

but for which the associated quasiplane f(R") is not n-rectifiable and has locally infinite 77"

measure; in fact, f(IR™) does not contain any curves with positive and finite #"* measure.

The third main result of the paper is that one can replace the locally uniform condition (1.3)
with a Carleson measure condition and still detect some rectifiable structure in the image f(R").
To make this precise, we introduce some additional terminology. A set X C R contains big
pieces of bi-Lipschitz images of R™ if there exist constants L > 1 and a > 0 such that for all
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r € X and 0 < r < diam X there exist S, C X N BY(z,r) and h,, : S,, — R" such that
H"(Syr) > ar™and h,, is L-bi-Lipschitz. The constants L and « are collectively called BPBI
constants of X; to differentiate between them, we call L. a BPBI bi-Lipschitz constant of X and
we call  a BPBI big pieces constant of X.

Theorem 1.4. Suppose 2 < n < N — 1. If f : RN — RY is quasiconformal and there exists
Cy > 0 such that for all x, € R" and ry > 0,

[ [ e enrTare oo mmn),  a
B"(Jjo,’l'o) 0

then the quasiplane f(R™) contains big pieces of bi-Lipschitz images of R™ with BPBI constants
depending on at most n, N, H;(R"™), and Cy. Furthermore, the BPBI bi-Lipschitz constant
L=1L(n,N,C¢) - las Cy — O withn and N held fixed.

In the theory of uniform rectifiability [DS91, DS93], it is usually assumed that a set X C RY
with big pieces of bi-Lipschitz images of R" is closed and Ahlfors n-regular, in the sense that
o < A (X N BY(z,r)) < cor'forallz € X and 0 < r < diam X. However, we wish to
emphasize that in this paper we do not impose these regularity assumptions in the definition of
big pieces of bi-Lipschitz images of R". As a consequence, the quasiplanes in Theorem 1.4 are
not necessarily n-rectifiable, but at least contain uniformly large rectifiable sets at each location
and scale in the image. The restriction to n > 2 in Theorem 1.4 enters our proof of the theorem
when we invoke Gehring’s theorem on distortion of Lebesgue measure by quasiconformal maps
in R™ (see Corollary 2.12). We do not currently know whether or not Theorem 1.4 holds for
quasilines. In this context, let us mention that in recent work the first author gave necessary and
sufficient conditions in terms of linear approximation properties of f for the image f(R™) of a
quasisymmetric map f : R® — R¥ to have big pieces of bi-Lipschitz images of R” when n > 2,
but demonstrated that analogous characterizations fail when n = 1; see [Azz] for details.

At the core of each of Theorems 1.2, 1.3, and 1.4, is a crucial observation of Prause [Pra07]
that the image f(IR™) of an embedding f : RY — R with small weak quasisymmetry constant
H t(BY(x,r)) along z € R™ can be locally approximated by n-dimensional planes in RY with
correspondingly small error. See §3 for precise formulations of approximation of a set by planes
and related criterion for bi-Lipschitz parameterization by subsets of R". To prove Theorem 1.1,
the authors of [BGRT14] gave a refinement of Prause’s estimate in the special case n = N — 1
and used it check the hypothesis of a bi-Lipschitz parameterization theorem from [Tor95]. This
approach had two limitations, which we show how to sidestep below. First and foremost the
bi-Lipschitz parameterization theorem of [Tor95] requires strong bilateral affine approximation
estimates for f(R"), which we (still) do not know how to verify in the case of higher codimension
(1 <n < N —2). Inits place, we now use a more flexible parameterization theorem from
[DT12], which only requires strong unilateral affine approximation estimates and weak bilateral
affine approximation estimates (see Theorem 3.4 below). Checking the hypothesis of the new
parameterizations theorem for quasiplanes in arbitrary codimension is non-trivial and requires
several new estimates, but is within reach. See §4 for a detailed outline of our approach.
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The second limitation from [BGRT14] that we address is how to relax the strong uniformity
in condition (1.2). In particular, to prove Theorem 1.4, we develop a tool for extending quasi-
symmetric mappings that are locally “almost affine”. This extension result (Theorem 8.1) is of
independent interest. For the definition of an almost affine map and the statement of the extension
theorem, see §4.2 and §8, respectively. Roughly speaking, we show that if amap f : £ — RY
defined on a closed set £ C R" is approximately affine at all scales and locations in a suitable
sense, then it extends to a global map F' : R® — RY that is still almost affine and is smooth
away from F. Moreover, if the affine approximations to f are uniformly quasisymmetric, then
the map F' is quasisymmetric. This is related to investigations by Tukia and Viisila (see [TV84]
and [Vdi86]) on sets £ C R"™ with the quasisymmetric extension property, i.e. sets on which
every embedding f : £ — R with small quasisymmetric distortion can be extended to a
quasisymmetric map on R". As shown by the first author (see [Azz]), understanding the approx-
imation properties of a quasisymmetric map by affine maps is critical to decoding the geometry
of its image.

The remainder of the paper is organized as follows. To start, we give two preliminary sections,
which contain the necessary background on quasisymmetric and quasiconformal maps (§2) and
affine approximation and bi-Lipschitz parameterization of sets (§3). Next, we outline the new
ingredients appearing in the proofs of the main theorems in §§4.1-4.2; and, we record the proofs
of the main theorems in §4.3. In the second half of the paper, §§5-9, we verify the new claims
in §4. The contents of these latter sections are described in the outline in §4.

Throughout the sequel, we write a < b (or b 2 a) to denote that a < Cb for some absolute
constant 0 < C' < oo and write a ~ bif a < band b < a. Likewise we write a <; b (or b 2; a)
to denote that a < C'b for some constant ) < C' < oo that may depend on a list of parameters ¢
and write a ~; bifa <; band b <; a.

2. PRELIMINARIES I: QUASISYMMETRIC AND QUASICONFORMAL MAPS

This section is intended to be a quick overview of the definitions of quasisymmetric, weakly
quasisymmetric, and quasiconformal maps; the relationships between them; and a smattering
of their essential properties. For additional background, we refer the reader to Viisild [Vii71],
and Heinonen [HeiO1]. Lemma 2.5, Corollary 2.9, as well as the derivation of Corollary 2.12
from Theorem 2.11 are standard exercises, whose proofs are included for the convenience of the
reader.

A topological embedding f : X — Y from a metric space (X, dx) into a metric space (Y, dy)
is a map that is a homeomorphism onto its image f(X). A quasisymmetric map f : X — Y is
a topological embedding that “preserves relative distances” in the sense that

dx(a,z) <tdx(b,x) = dy(f(a), f(x)) < n(t) dy (f(b), f(x))

for all a, b,z € X and ¢ > 0, for some increasing homeomorphism 7 : (0,00) — (0, 00) called
a control function for f. Amap f : X — Y is called n-quasisymmetric if f is quasisymmetric
and 7 is a control function for f.
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Quasisymmetric maps behave well under three basic map operations. First, the restriction
f|a of an n-quasisymmetric map f : X — Y to a subset A C X is again 7-quasisymmetric.
Second, the inverse f~' : f(X) — X of f is n/-quasisymmetric, where 7/ (t) = 1/n~!(1/t) for
all £ > 0. Third, the composition go f : X — Z of f with a (-quasisymmetric mapg:Y — Z
is (¢ o n)-quasisymmetric.

Quasisymmetric embeddings map bounded spaces onto bounded spaces, quantitatively.

Lemma 2.1 ([HeiO1, Proposition 10.8]). If f : X — Y is n-quasisymmetricand A C B C X
are such that 0 < diam A < diam B < oo, then
1 < diam f(A) < (ZdlamA) ‘

iam — J; =7 ;
2n (4283 — diam f(B) diam B

A weakly quasisymmetric map f : X — Y is a topological embedding such that
Hf(X) = mf{H >1: dx(a,l') < dx(b, l’) —
dy (f(a), f(x)) < Hdy(f(b), f(x)) forall a,b,z € X} < ox.

The quantity H(X) is called the weak quasisymmetry constant of the map f on X. A map
[+ X — Y is weakly H-quasisymmetric if f is weakly quasisymmetric and H¢(X) < H < oo.

Every quasisymmetric map is weakly quasisymmetric. To wit, if f is an n-quasisymmetric
map on X, then H;(X) < n(1). In fact, for every quasisymmetric map f on X there exist
(many) control functions 7, such that H;(X) = n,(1). Less obvious, however, is the fact that
for certain metric spaces every weakly quasisymmetric map is quasisymmetric. A metric space
X is called doubling if there is a positive integer D = D(X) so that every set of diameter d in
the space can be covered by at most D sets of diameter at most d /2.

Theorem 2.2 ([HeiOl, Theorem 10.19]). Let X and Y be doubling metric spaces. If X is
connected and f : X — Y is weakly quasisymmetric, then f is n-quasisymmetric for some
control function 1 depending only on doubling character of X and Y, and on H;(X).

In particular, weakly quasisymmetric maps between Euclidean spaces are quasisymmetric.

Corollary 2.3 ([Hei0O1, Corollary 10.22]). Let X C R" be a connected set and let f : X — RV,
If f is weakly quasisymmetric, then f is n-quasisymmetric for some control function depending
onlyonn, N, and Hy(X).

Theorem 2.4 ([HeiO1, Theorem 10.30]). Let X C R"™ be a connected set containing x, # xs.
For all H > 1, the family of weakly H-quasisymmetric maps f : X — RY such that f(x;) = x;
for i = 1,2 is sequentially compact in the topology of uniform convergence on compact sets.

Here is a useful criterion for checking that a map from one Euclidean space into another is
weakly quasisymmetric.

Lemma 2.5. If f : R" — RY is continuous, nonconstant, and H;(R") < oo, then [ is weakly
quasisymmetric.
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Proof. Suppose f : R" — R¥ is continuous, nonconstant, and H;(R") < co. To show that f
is weakly quasisymmetric we must prove f is injective and f~! : f (R™) — R™ is continuous.

Assume to reach a contradiction that f(zq) = f(zo) for some xy # zp, and let » > 0 denote
the distance between zy and z,. Then

|[f(xo) = f(y)| < Hp(R")[f(x0) — f(20)| =0 forall [z —y| <,

since H¢(R™) < oo. Thatis, f is constant on B"(x¢,r). Let x; € 0B"(x, ) denote the unique
point such that |xg — 1| = 7 and |2p — x1| = 2r. Then f(z1) = f(x0) = f(20) and

£ (20) = f(y)| < Hy(R")|f(20) = f(z1)| = 0 forall |zg —y| < 2r,

since H¢(R™) < oo. Thatis, f is constant on B"(2,2r). Let z; € 0B"(z,2r) denote the
unique point such that |zy — z;| = 2r and |x; — 21| = 4r. Proceeding inductively, we see that f
is constant on a sequence of balls,

B"(xo,7) C B"(20,2r) C B"(x1,4r) C B"(2,8r) C -+,

exhausting R™. This contradicts the hypothesis that f is nonconstant. Therefore, f is injective.

Let R" = R™ U {oo} and RN = RY U {co} denote the one-point compactifications of R”
and RY, respectively. Extend f to an injective map F : R* - RN by defining F'(oc0) = oo
and F(x) = f(z) for all z € R™. Every injective continuous map from a compact space onto
a Hausdorff space is open. Thus, if F is continuous, then f~' = F~!|fgn) is continuous too.
In other words, to check that f~! is continuous, it suffices to prove I is continuous. Because
Flgn = f is continuous, the full map F is continuous if and only if f(x;) — oo for every
sequence ()2, in R" such that x; — oc.

Let (x;)32, be any sequence in R™ such that x; — co. By truncating a finite number of terms,
we may assume without loss of generality that r; := |z; — 21| > |22 — 21| > O for all i > 2.
Note that ; — oo, since z; — oo. For all i > 2, let f; denote the restriction of f to B"(xq,7;).
Then f; is open, again because every one-to-one continuous map from a compact space onto a
Hausdorff space is open. Thus, each f; is a topological embedding from B"(xy, ;) into RY with
Hy (B™(x1,1)) < Hf(R™) < co. By Corollary 2.3, the maps f; are uniformly n-quasisymmetric
for some control function 7 that is independent of 7. Hence

N f(r |f(x2) — f(z1)]
|f($l) f( 1>| Z n(TQ/Ti)

since lim; o, 77(r2/r1) = 0. It follows that f(x;) — oo. Therefore, f~! is continuous. d

— 00 ast — 00,

A quasiconformal map' f : Q — R is a topological embedding from a domain  C RV
(N > 2) such that f € W,2"(Q) and

{ )\N(fax)N Al(fvx)AN(f7$)}<oo
A(fox) - An(f,2) A (f, )N

K(§2) := esssup max
x€Q)

IThere are three commonly used definitions of quasiconformal maps in Euclidean space, which are equivalent
a posteriori. The definition given here is called the analytic definition of a quasiconformal map. The others are the
so-called geometric and metric definitions; for the full story, see e.g. [Hei06] or [Vdi71].
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Here 0 < A\ (f,z) < --- < An(f,x) < oo denote the singular values of the total derivative
Df(z) of f at z, i.e. the (positive) square root of the eigenvalues of (D f(z))T D f(z), which are
defined at almost every x € 2. The quantity K () is called the maximal dilatation of the map f
in Q2. A quasiconformal map f is called K -quasiconformal if K;(2) < K < oo. If f : @ — RY
is K -quasiconformal, then the inverse g = f~! : f(Q) — Qs also K-quasiconformal.

Every quasisymmetric map f :  — RY on a domain Q c RY (N > 2) is quasiconformal
with K¢(Q) < H;(Q)"V~1. In the other direction, the situation is as follows.

Theorem 2.6 ([HeiO1, Theorem 11.14]). Every quasiconformal map f : RN — RY is ny -
quasisymmetric for some control function ny x depending only on N and K = K ;(RY).

Quasiconformal maps exhibit special behavior when K = 1. Recall that a homeomorphism
f X — X in a metric space (X, dx) is a similarity if there exists a constant 0 < \ < oo such
that dx (f(x), f(y)) = AMdx(x,y) forall z,y € X. The group of similarities in Euclidean space
is generated by compositions of translations, rotations, reflections, and dilations.

Theorem 2.7 ([Ahl06, Theorem I1.2]). If N = 2 and f : Q — R? is a I-quasiconformal map,
then f is a conformal map.

Theorem 2.8 ([Geh62, Theorem 16]). If N > 3 and f : Q — RY is a I-quasiconformal map,
then f is the restriction of a Mobius transformation of RY = RY U {oo} to Q.

Corollary 2.9. If N > 2and f : BN (z,r) — RY is weakly 1-quasisymmetric for some v € RY
and r > 0, then f is the restriction of a similarity of RN to BN (z,r).

Proof. Suppose N > 2. Since the composition of a weakly 1-quasisymmetric map with a simi-
larity in the domain is still weakly 1-quasisymmetric, it suffices to prove the lemma on the unit
ball. Suppose that f : BY(0,1) — RY is a weakly 1-quasisymmetric map. Replacing f(z)
by f(z) — f(0) for all x € RY, which leaves the quasisymmetry of f untouched, we may also
suppose without loss of generality that f(0) = 0. On one hand,

v —al = |y —a| = [f(z) = f(a)| = |f(y) = f(a)| forallz,y,a € B(0,1),

because f is weakly 1-quasisymmetric. Hence f maps BY (0, 1) onto a ball in RY centered at 0.
On the other hand, by Corollary 2.3, f is quasisymmetric. Thus, the restriction f, = f[zy (1)
of f to the open unit ball is quasiconformal with K, (BY(0,1)) < H/(BY(0,1))N"! = 1.
That is, f is a 1-quasiconformal map. When N > 3, we conclude that f, is the restriction of
some M&bius transformation ' on RN by Theorem 2.8. When N = 2, we conclude that f is the
restriction of some Mobius transformation F' on the Riemann sphere ]@2, because f, is conformal
by Theorem 2.7 and maps the unit disk onto a disk. Finally, since F' maps a ball centered at the
origin onto a ball centered at the origin, F' must fix the point at infinity. Therefore, the map f,
is the restriction of a similarity of RY. The same conclusion extends to f by continuity. U

Quasiconformal maps are locally Holder continuous with exponent depending only on the
dimension and the maximal dilatation of the map.
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Theorem 2.10 ([Vuo88, Theorem 11.14]). Given N > 2 and 1 < K < oo, put a« = K/(=N),
If f : BN(z,r) — RY is K-quasiconformal, then

|f(y) — f(2) SN,K( sup \f(w)—f(a:)]) y—;’a forally,z € BN (x,r/2).

|lw—z|<r r

For any domain Q2 C RY and map f : Q — R, the maximal stretching L : Q — [0, 0o] of

f is defined by
L) — timsup L) =S )
Yy |z —yl
If f is quasiconformal, then L;(z) = Ax(f,z) and J f(z) < Ly(x)N < Kp(Q)J f(z) at LN-
a.e. x, where J f(xz) = A (f, x) - - - An(f, ) denotes the Jacobian determinant of f at x. Gehring
[Geh73] proved that if f is quasiconformal, then L satisfies a reverse Holder inequality.

Theorem 2.11 ([Geh73, Lemmas 3,4]). If N > 2 and f : Q — R is a quasiconformal map,
then there are constants ¢ > 0 and p > 0 depending only on N and K ;(§2) such that for every
closed cube ) C ) satisfying diam f(Q) < dist(f(Q),0f()),

1/(N+p)
<][ Ly d,?N) < c][ Lydz™N. 2.1)
Q Q

Corollary 2.12. If N > 2 and f : RN — R is a quasiconformal map, then there is a constant
q > 0 depending only on N and K ;(R") such that

2GA) 1 (2@
ZY((Q) ~ 2 p( qu(A))

for every closed cube ) C RY and every Borel set A C Q.

for all z € (2.

(2.2)

Proof. Suppose f : RN — RY is quasiconformal and let K := K;(R"). By Theorem 2.11,
L satisfies the reverse Holder inequality (2.1) for some constants ¢ > 0 and p > 0 depending
only on N and K. Let @ C R” be any closed cube. Because J f(z) < Ly(z)N < K Jf(z) at
ZN-ae. x € RY, we see that J f also satisfies a reverse Holder inequality:

M Mo N
(][ TR d.ZN) "< (][ Lff”?’di) Yoo <][ Ly d.,st>
Q Q Q (2.3)

< cN][ LY dz™ < KcN][ JfdLN.
Q Q

In particular, the Jacobian Jf of f is an A,, weight with respect to Lebesgue measure .#%;
e.g., see [Gra09, Chapter 9] or [Ste93, Chapter V]. Therefore, by Hruscev’s inequality for A
weights [Hru84, (7)], there is ¢ > 0 such that for all cubes () C RY and Borel sets A C @,

A 1 2N
i 7@ ~ 2P (_qu(i)) ’
w(Q) 1—|-exp (qu(A)> ( )
where w(E) = [, JfdZN = ZN(f(E)) for all Borel sets E C R". The constant ¢ depends
only on the constants in (2.3), and thus, ¢ ultimately depends only on NV and K. U
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The conclusion of Corollary 2.12 does not hold for quasisymmetric maps in RN when N = 1;
in fact, by an example of Beurling and Ahlfors [BA56], a quasisymmetric map f : R — R can
map a set of positive Lebesgue measure onto a set of Lebesgue measure zero.

3. PRELIMINARIES II: LOCAL FLATNESS AND BI-LIPSCHITZ PARAMETERIZATIONS

In this section and implicitly below, whenever using the quantities defined in Definition 3.1,
we assume that 1 <n < N —1. Let G = Gy, denote the affine Grassmannian of n-dimensional
planesin RY, andlet G(x) = Gy n(z) = {V € Gn,, : © € V} denote the subcollection of planes
containing z € RY. We write a V b to denote the maximum of a,b € R.

Definition 3.1 (Measurements of local flatness of sets). Forall E ¢ RN, z € E andr > 0,
define the quantities 0 < Sg(x,r) < 88" (z,r) < Op(z,r) < 1by

Be(x,r) = inf E ( sup  dist(y, V)) ,

vegr yeEENBN (z,r)

veG(x) r yeENBN (z,1)

1
r(x,r) = inf - ( sup  dist(y, V)) :

and

1
Op(z,r) = inf -— sup  dist(y,V) | V sup  dist(z, ) )
Veg(a) T yeEENBN (z,r) 2eVNBN (z,r)

Each of the measurements of flatness defined in Definition 3.1 satisfy a monotonicity property:
an estimate of flatness at one scale yields (worse) estimates of flatness on smaller scales. Namely,
forall ECRY, 2z € E,r > 0and s € (0, 1],

Be(x,sr) <s 'Bp(x,r), o (x, sr) <

and Og(z,sr) < s '0p(x,r).

1
ﬁE(xar)a (31)

In addition, if BY(y, sr) C BY(z,r) for some z,y € F and r, s > 0, then
Bu(y, sr) < s~ ez, 7). (32)

Remark 3.2 (Origins and choice of conventions). Beta numbers were originally introduced by
Jones [Jon90] in order to characterize subsets of rectifiable curves in the plane. For analogues of
Jones’ Traveling Salesman Theorem in higher dimensions, see [Oki92] and [Sch07]. Because

Be(z,r) < B9 (x,r) < 2B8p(z,r) (3.3)

forall E C RY, z € E and r > 0, the decision to use “uncentered” beta numbers /3 g(x,r) or
“centered” beta numbers 55 (x, ) is largely a matter of taste and may depend on the application.
We use the former below, except in a theorem which we quote from [DT12] that chose the latter.

In some instances, see e.g. [Tor95], [BGRT14], the theta numbers 0 (z, ) are replaced by
the strictly larger numbers

1
ORP (2, 7) = Vieréfx) . HD (EN BY(z,r),V N BY(z,r)),



QUASICONFORMAL PLANES AND ALMOST AFFINE MAPS 11

where HD(Y, Z) = (sup,y dist(y, Z)) V (sup,., dist(z,Y’)) denotes the Hausdorft distance
between bounded sets Y, Z C RY. The quantity 05" (z,r) is more difficult to estimate than
Og(x,7) (e.g., 0P (2, 1) does not satisfy (3.1)). Thus we choose to use the latter below.

Closed sets that are locally uniformly close to planes at all locations and scales first appeared in
Reifenberg’s solution of the Plateau problem in arbitrary codimension [Rei60]; following [KT97]
these sets are now called Reifenberg flat sets. Precisely, in this paper, we say that a closed set
Y C RY is (8, R)-Reifenberg flat if Os,(z,7) < 0 forall z € ¥ and 0 < r < R. Mattila and
Vuorinen [MV90] (independently of Jones [Jon90]) introduced the following related definition,
in the context of obtaining upper Minkowski and Hausdorff dimension bounds for quasispheres.
A set ¥ C RY is said to have the (8, R)-linear approximation property if S5 (x,7) < ¢ for all
x € Yand 0 < r < R. Trivially every subset of a (J, R)-Reifenberg flat set has the (J, R)-linear
approximation property. However, there exist sets with the (§, R)-linear approximation property
that do not belong to any (9, R')-Reifenberg flat sets; e.g., see [DT12, Counterexample 12.4].

We now present a version of Reifenberg’s topological disk theorem, which gives a sufficient
condition for a closed set ¥ C R¥ to be locally bi-Holder equivalent to open subsets of R™.

Theorem 3.3 (Local version of Reifenberg’s topological disk theorem [DT12, Theorem 1.1]).
There exists 0y = dg(n, N) > 0 with the following property. If ¥ C RY is closed, xy € Y,
T > 0,0 < § < 8, and Os(z,r) < § forall z € XN BN (xg,10rq) and 0 < r < 1070, then
there exist a bijective mapping g : RN — RY and an n-dimensional plane V containing x such

that
To

lg(x) — x| < 100 forall z € RY,
rolz oyt oy
o2 _ ¥ < _ <3ro|= -2
2 e Sl =)l <8ro) -

forall x,y € R" such that |x — y| < ro, and
YN BN (zg,70) = g(V) 0 BN (2, 79).

In [DT12], the third named author, together with Guy David, found several conditions that
guarantee that the parameterization in Reifenberg’s topological disk theorem is bi-Lipschitz.

Theorem 3.4 (Local bi-Lipschitz parameterization [DT12, Theorem 1.3]). For every M < oo,
there exists L = L(n, N, M) < oo with the following property. If ¥ C RY is closed, xo € ¥,
ro > 0,0 < 6 < g, and Os(x,7) < § forall z € N BN (29, 10rq) and 0 < r < 107y, and

o0

sup Z gr(x, 10_k7“0)2 <M < 0, (3.4)
z€XNBN (20,10m0) 1.

then the mapping g provided by Theorem 3.3 can be chosen to satisfy
[z —yl
L

Corollary 3.5 (Global bi-Lipschitz parameterization). Suppose that ¥ C RY is closed, o € %,
0 <6 < do, and Os(z,r) < 6 forallx € ¥ and r > 0. If there exists M < oo such that (3.4)
holds for all rq > 0, then there exists a map g : RN — RY satisfying (3.5) such that ¥ = g(R™).

<lg(z)—g(y)| < Llz —y| forallz,y e R". (3.5)
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Proof. Let &, > 0 be the constant from Theorem 3.3. Suppose that ¥ C R¥ is a closed set,
xg € 8,0 <6 < g and Ox(z,r) < ¢ forall z € ¥ and r > 0. Furthermore, suppose that for
some M < oo condition (3.4) holds for all 7, > 0. By Theorem 3.4, applied with ry = ¢ > 1,
for all i > 1 there exists a an n-dimensional plane V* containing z and a map ¢ : RY — RY
satisfying (3.5) such that YNBN(zg,i) =g (e N BN (xy,1). Foralli > 1, choose an isometry
ht : RY — RY such that h'(R") = V* and ¢(h'(0)) = x. The composed maps f7 := g’ o h/
have the property that X N BY (zg,i) = f/(R") N B"(x¢,4) forall 1 <i < 4, f7(0) = x, and

LYo —y| < |f(z) — fi(y)| < Lz —y| forallz,y € RY and j > 1. (3.6)
In particular, the family {f7 : j > 1} is equicontinuous, pointwise bounded, and
fA(B™0, Li)) N BN (x0,1) = XN BY(x¢,4) forall1 <i <. (3.7)

By the Arzela-Ascoli theorem, there exists a continuous map g : RN — R" and a subsequence
of (f7 )‘]";1 that converges to g uniformly on compact sets. From (3.6) and (3.7), we conclude
that g satisfies (3.5) and g(R"™) = X. O

Remark 3.6. A careful reading of the proof of [DT12, Theorem 1.3] shows that in Theorem 3.4
and Corollary 3.5, when n and N are fixed, the constant L = L(n, N, M) — 1 as M — 0.

We end this section with a short computation related to (3.4).

Lemma 3.7. If Y C R is closed, v+ € ¥, and o > 0, then

cir 400  [1O0r L dr
ZBZ 2,107%r)? < < fog(10) J, B (7). (3.8)

Proof. Let ¥ C RY closed, z € ¥, and ry > 0 be given. If » € [107%ry, 10~(*~Vy], then
A (2,107 %) < 1089 (z,7) < 20Bs(x, 1),
where the first inequality holds by (3.1) and the second inequality holds by (3.3). Therefore,

1070 Ldr o0 »10-(k=Dpg Ldr
Bs(z,r)P— = Z/ Bs(z,r)2—
0 T Do S0k r
1 — 0=(t=Vrg o dr log
> ctr 10 — Ctr 10~ )
= 400; /10_% (2, 1070) - = = Zﬁ 7,107 r)?
Rearranging the inequality yields (3.8). U

4. OUTLINE OF NEW INGREDIENTS IN AND PROOFS OF THE MAIN THEOREMS

4.1. Quasisymmetry and local flatness of quasiplanes. The connection between distortion of
local flatness and quasiconformal maps was first recognized by Mattila and Vuorinen [MV90] as
a tool to establish upper bounds on the Minkowski and Hausdorff dimensions of quasispheres.
Prause [Pra07] obtained improved estimates on the dimension of quasispheres, by estimating the
distortion of beta numbers using the quasisymmetry of a global quasiconformal map in place of
the maximal dilatation. The following theta number variant of [Pra07, Theorem 5.1] was a key
tool in the proof of Theorem 1.1 stated above.
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Lemma 4.1 ((BGRT14, Lemma 2.3]). Suppose that1 < n = N —1. Let V be an n-dimensional
plane in R, let v € V and let e € (V — v)* be a unit vector. For any topological embedding
f:BY(v,r) — RY,

04y (700 311+ 76) = 0= )l ) < 20,8 0.1

Below we generalize the previous lemma to arbitrary codimension, at the expense of obtaining
a beta number estimate instead of a theta number estimate. Lemma 4.2 (which we prove in §5)
is a quantitative local version of [Pra07, Theorem 5.6].

Lemma 4.2. Suppose that1 < n < N — 1. Let V be an n-dimensional plane in RY, let v € V,
and let e be a unit vector in RY. For any topological embedding f : BY (v, 2r) — RY,

B (1000 31110 + 1) = 501 ) < T2V (B 0.20)

When combined with the local Holder continuity of quasiconformal maps, Lemma 4.2 yields
the following corollary. See §5 for details.

Corollary 4.3. Suppose that 1 <n < N —1and H > 1. There is C = C(N, H) > 1 such that
ifz€R™ ¢t >0, f: BY(z,2t) — RY is quasiconformal, and H;(B" (z,t)) , then

/diam F(BN(z,t)/C

<H
d— (4.1)
S

(2 <€ [ 11,8
4.2. Almost affine quasisymmetric maps and extension theorems. Throughout this section
and implicitly below, whenever using the concepts defined in Definitions 4.4 and 4.5, we assume
that 1 < n < N. For all affine maps A : R® — R", let A’ denote the linear part of A, let || A’||
denote the operator norm of A’, and let A;(A") < --- < \,(A’) denote the singular values of A’.
We recall that for all z € R™ and » > 0,

M (A)r = inlf |A(x) — A(y)| and N\,(A)r= sup |A(z) — A(y)| =|A"||r. “.2)

e —yl= |z—y|=r

0

Definition 4.4. A family of affine maps over E C R" is a set
A={A,,:x€ E,r>0}

whose members are (indexed) affine maps A, , : R* — R” forall x € F and 7 > 0. We say
that A is e-compatible for some £ > 0 if

A%, — Ay ol < emin{[[ A ], |4y I}
forall z,y € E'and r, s > 0 such that |z — y| < max{r,s}and 1/2 <r/s < 2.
Definition 4.5. Let E C X C R"and lete > 0. Amap f : X — RY is c-almost affine over £
if there exists an e-compatible family .4 of affine maps over £ such that

sup  |f(2) = Aur(2)| < €||AL,||r forallz € E,r > 0.

z€ENB"(z,r)

To emphasize a choice of some family .4 with this property, we say (f, E, A) is e-almost affine.
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Remark 4.6. The definition of an almost affine map is designed so that being almost affine is
invariant under translation, rotation, reflection, and dilation in the domain and the image of the
map. That is, if ¢ : R® — R™ and ¢ : RY — R¥ are similarities in R" and RY, respectively,
then (f, E, A) is e-almost affine if and only if (¢) o f 0 ¢, 71 (E), 1 o A o ¢) is e-almost affine.
For related classes of maps that also admit uniform approximations by affine maps but do not
enjoy the same scale-invariance property as almost affine maps, see [DPK09] and [AS12].

We record a number of useful estimates for compatible families of affine maps and for almost
affine maps in §6.

The next lemma provides a criterion to check the theta number hypothesis in Theorem 3.4 and
Corollary 3.5 for a set ¥ C RY of the form ¥ = f(R").

Lemma 4.7. For all 6 > 0 there exists §, = 6,(0) with the following property. Suppose that
[ R* — RY is quasisymmetric and H;(R") < H. If f is d,-almost affine over B"(xq, 2r¢)
and H¢(B"(xg,2rg)) < d, for some xy € R™ and ry > 0, then

Orny(f(x),7) < HS  forallw € B"(xg,70) and 0 < r < diam f(B"(zo,70)). (4.3)

b4H

Thus, if [ is d.-almost affine over R™ and I:ff(R”) < 0, then f(R™) is (HJ, 0o)-Reifenberg flat,
ie. Opwny(f(z),r) < HO forallz € R" and r > 0.

The following theorem says that quasisymmetric maps with small constant between Euclidean
spaces of the same dimension are almost affine when restricted to lower dimensional subspaces.

Theorem 4.8. Suppose N > 2. For all 7 > 0, there exists 7, = 7.(7,N) > 0 such that if
BN(z,3r) c Y C RY forsomex € RVandr > 0, f : Y — RY is quasisymmetric and
H;(BY(x,3r)) < 7., then f|yrgn is T-almost affine over B"(x,r).

See §7 for the proofs of Lemma 4.7 and Theorem 4.8. At this point, we have collected enough
tools to prove Theorems 1.2 and 1.3.
The final ingredient in the proof of Theorem 1.4 is the following extension theorem.

Theorem 4.9. Suppose 1 < n < N — 1. Forall ¢ > 0, there exists €, = €.(e,n) > 0 with
the following property. If for some x € R" andr > 0 amap f : RN — RY is e,-almost affine
over B"(x,97), f|pN (430 is a topological embedding and ]TIf(BN(x, 3r)) < e, and there exist
a closed set E C B™(x,r) and constants vg > 0 and Cr > 0 such that

diam F > v diam B"(x,r) 4.4)
and . J
/ Hy(BV(y,5)> = < C forally € E, (4.5)
0 s
then there exists a quasisymmetric map F : R" — RY such that F|g = f|g, F is e-almost affine
over R", Hp(R") < ¢, diam F(B™(x,r)) ~n N, diam f(B"(x, 7)), and

> d
/ Bren) (F(y), s)? —SS S Ce + €2 forally € R™. (4.6)
0
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The proof of Theorem 4.9 is somewhat involved, and so, we break the proof into several steps.
In §8, we prove general extension theorems for almost affine maps and for quasisymmetric almost
affine maps, which are interesting in their own right; see Theorem 8.1 and Theorem 8.2. Then
we establish beta number estimates on the extensions and verify Theorem 4.9 in §9.

Remark 4.10. Theorem 4.8 and Theorem 4.9 were inspired by Tukia and Viisdld’s work on
extensions of quasisymmetric maps that are close to similarities; see [TV84] and [Vii86].

4.3. Proofs of Theorem 1.2, Theorem 1.3, and Theorem 1.4. The proofs of Theorem 1.2 and
1.3 are very similar. We shall first prove Theorem 1.3 and then indicate how to modify the proof
for Theorem 1.2. We then end with the proof of Theorem 1.4.

Proof of Theorem 1.3. Assume that 1 < n < N —1and H > 1. We will work with certain
parameters, chosen as follows.

(1) Pick any § € (0,d9/H] where §y = do(n, N) is the constant from Theorem 3.3.
(2) Let . = 6.(9) be the constant from Lemma 4.7 corresponding to 6.
(3) Let 7. = 7.(7, V) denote the constant from Theorem 4.8 corresponding to 7 = 4.

Let f : RY — RY be a quasiconformal map such that (1.3) holds and suppose H;(R") = H.
We want to show that the quasiplane f(R") is locally bi-Lipschitz equivalent to subsets of R™.
Fix any zp € R". Then

1

~ d

sup / Hy(BN(z,7))? T A< oo 4.7)
z€B"(z0,1) JO r

by (1.3). In particular, since ﬁf(BN(x, 1)) is increasing as a function of r, fff(BN(xO, r)) — 0

as 7 — 0. Hence we can find 0 < ry < 1/6 such that

H (BN (0, 6r9)) < min{1,4,,7.}. (4.8)

First off, f is d,-almost affine over B™(xy, 2ry) by Theorem 4.8, since ﬁf(BN(xo, 670)) < T
Thus, writing so := (1/540H) diam f(B"(xg, 1)), we see that

Orwn)(y,s) < HS <8y forally € f(R™) N BY(f(w),10s0) and 0 < s < 10sy  (4.9)

by Lemma 4.7, since f is d,-almost affine over B"(x¢, 2r) and I:Tf(B”(xo, 2rg)) < . Next,
by (4.7) and Corollary 4.3 there is a constant C' = C'(N, H') > 1 such that

diam f(BYN (x,r9))/C ) ds
/ Bren (f(2),8)°— < AC (4.10)
0
for all z € BY(x,70), where H' = H;(B™(x,r)) < 2 by (4.8). Hence C actually depends
on at most N. We would like to replace diam f(B™ (x, 7)) in the upper limit of integration in
(4.10) with diam f(B"(x¢,r¢)). To that end, we note that f|gny, ¢ is 7-quasisymmetric for
some control function 7 that depends only on n and N, by Corollary 2.3 and (4.8). Thus, by
Lemma 2.1,
diam f(B"(xq, diam (BN (z,r
diam f (BN (zg, 619)) diam f (BN (zg, 619))

4.11)
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Let C" = 2n(6)n(1/3), which depends on at most n and N. Then, by (4.10) and (4.11),

diam f(B"(z0,r0))/CC’ dS
0
for all z € B™(xg, o). Let 10ty = min{10s¢, diam f(B"(xo, rg))/C'C’}. Then, by (4.9),
Ormny(y,t) < forally € f(R™) N BY(f(w),10ty) and 0 < ¢ < 10t, (4.13)

and, by Lemma 3.8 and (4.12),

ctr 400
Sup Zﬁft(Rn y,107")? <

4.14)
yef(lR")ﬁBN Io 10t0 k=0 log(]‘o)

By (4.13), (4.14), and Theorem 3.4, there exists an n-dimensional plane V and an L?-bi-Lipschitz
map g : RY — RY for some L = L(n, N, A) (with L — 1 as A — 0 by Remark 3.6) such that

FR™) N BN(f(x0), to) = g(V) N BN (f(x0), to).

Therefore, for every xy € R" there exists ¢y > 0 such that f(R™) N BY (f (o), to) is bi-Lipschitz
equivalent to a subset of R™; that is, f(IR™) is locally bi-Lipschitz equivalent to subsets of R”. [J

Proof of Theorem 1.2. Let f : RY — R be a quasiconformal map and assume that (1.2) holds.
We want to show that the quasiplane f(R™) is locally (1 + §)-bi-Lipschitz equivalent to subsets
of R™ for all 6 > 0. Fix any xq € R". Then

1
/ sup Hf(BN(x,r)f@ < 00.
0

z€B™(z0,1) r

Thus, given any A > 0, we can find p € (0, 1) such that

N o dr p ~ N o dr
sup / Hf (BN (z,7))*— </ sup  Hy(B™(x,1)) - < A. (4.15)
0

z€B"(x0,1) r x€B™(x0,1)

Notice the similarity between (4.15) and (4.7). By mimicking the proof of Theorem 1.3, we can
find t, > 0, an n-dimensional plane V, and an L2-bi-Lipschitz map ¢ : RY — R for some
L = L(n,N,A) (with L — 1 as A — 0) such that

F®R™) N BY(f(xo), to) = g(V) N BN (f(x0), to).

Therefore, because A > 0 can be chosen arbitrarily small, f(R") is locally (1 + ¢)-bi-Lipschitz
equivalent to subsets of R™ for all § > 0. U

Proof of Theorem 1.4. Assume that 2 < n < N — 1. We will work with certain parameters,
chosen as follows.
(1) Pick any 0 € (0, 6o/2], where dy = do(n, N) is the constant from Theorem 3.3.
(2) Let . = 6.(9) be the constant from Lemma 4.7 corresponding to 6.
(3) Lete, = .(e, n) be the constant from Theorem 4.9 corresponding to ¢ = min{1, J,, C’}/ 2}.
(4) Let 7. = 7.(7, N) denote the constant from Theorem 4.8 corresponding to 7 = &,.
(5) Choose p < min{r.,e,} sufficiently small such that exp(—C;2"/p?)/2 < 1/2.
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Let f : RY — RY be a quasiconformal map such that for some C; > 0 the Carleson condition
(1.4) holds for all zy € R™ and ry > 0. Our goal is to identify big pieces of bi-Lipschitz images
of R" in f(R™) N BN (&, s) for all £ € f(R") and s > 0. We shall do this indirectly, starting
with a location and scale in the domain.

Fix zg € R™and 19 > 0. Put o = exp(—Cy2"/p?)/2 < 1/2. There exists 27ry € (o7, 70/2)
and 2, € B™(x0,70/2) such that H;(B" (z1,27r1)) < p, otherwise

/Bn —_— /TO Hy (BN (x,7))? @d,ﬁ,ﬂ"( )

/2 dr
> / / P L AL (@) = Cr. L (B (20, 10)),
B"(xzo,r0/2) Jo

T0 r

which violates (1.4). Consider the set

6={eemrnn: [ HE @Y <20}
0

By Chebyshev’s inequality and (1.4), the complement of G in B"(x1, ) has

L E N0 < e [ B )P @) < LB )

Hence £"(G) > +.£™(B"(x1,71)). Since Lebesgue measure is inner regular, we may select a
compact set £/ C G such that £"(E) > 1.¢"(G). For the record, since (¢/27)ry < ry,

1 1 /o\"
LME) > 12" (B @) = 1 (57) LB (w0,10)) Zuo, LB (wo,70)  (416)
and

diam E 2, diam B"(x1,71)) Zn,c, diam B" (g, 7). 4.17)
Now, on one hand, ]:lf(BN(xl, 27r1)) < p < 7. Hence f|pn(q,0r,) is €.-almost affine over

B"(x1,9r1) by Theorem 4.8. On the other hand, we also have H;(B" (x1,3r1)) < p < &..
Thus, by Theorem 4.9, there exists a quasisymmetric map F : R" — R” such that F|gp = f|g,

Hp(R") < & <min{l,6,}, (4.18)
F'is §,-almost affine over R", (4.19)
diam F(B"(z1,71)) ~pn diam f(B"(x1,71)), and (4.20)
o od
/ By (F(2),5V° S Cp +€2 S forall z € R @21
0

By (4.18), (4.19), and Lemma 4.7, we conclude that F'(R") is ((1 4 £)d, co)-Reifenberg flat,
where (1 + ¢)d < 2§ < dp. Also by (4.21) and Lemma 3.7, for all z € R" and s > 0,

sup Z Bt (v, 107%s)? <, v Cf.
yeF(R")NBN (F(x),10) t—g

Therefore, by Corollary 3.5, there exist L = L(n,N,Cy) > 1 (with L — 1 as Cy — 0 by
Remark 3.6) and an L2-bi-Lipschitz map g : RY — R¥ such that g(F'(R")) = R™.
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F(R™)

ST~

F f(R™) g

FIGURE 4.1. The light gray set represents the quasiplane f(R"). We extend f|g
to an almost affine map F' : R® — RY, whose image F'(R™) (the dark gray set) is
mapped onto R™ by a bi-Lipschitz map g : RY — RY. The black set represents
F and its images F'(E) = f(E) and h(F) = g(F(E)) = g(f(F)).

R" E R"

We now estimate the n-dimensional Hausdorff measure of f(E) = F(FE). It is at this point
that the restriction n > 2 enters the discussion. First note that F'is quasisymmetric with a control
function depending only on n and NV, by (4.18) and Corollary 2.3. Thus, since g has bi-Lipschitz
constant depending on at most on n, N, and CY, the composition h = go F' : R" — R" is n-
quasisymmetric for some control function n depending only on n, N, and C (see Figure 4.1).
Hence h(B"(z1,71)) C R™ has bounded eccentricity (depending only n, N, and Cy) and

(diam h(B™(z1,71)))" ~nnoy L (h(B™(21,71))).

Pick any closed cube ) C R™ such that B"(xy,7) C Q and L™ (B"(x1,71)) ~n Z"(Q).
Since n > 2 and h is quasiconformal with maximal dilatation K, (R") < 7(1)"~! depending
only on n, N and C', by Corollary 2.12 there exists ¢ = ¢(n, N, Cy) > 0 such that
2" (WME)) e, 2 ()
(diam h(B™(zy, 7)) "7 Ln(h(Bm(xq,71)))
ZL"(WE)) 1 ( «i”"(Q))
> =S 2 sexp | G | Znnos L

2 (h(Q)) ~ 2 ZLME) ’

Since g bi-Lipschitz with constant depending only on 7, NV and CY, it follows that

A (F(E))

(diam F (B (zy, 1)) ~"NCr b (4.22)
Thus, by (4.20) and (4.22), we obtain
H"(f(E)) = H"(F(E)) Znnc, (diam f(B"(21,71)))" . (4.23)

We would like to replace diam f(B"(x1,71)) in (4.23) by diam f(B"(z0,79)). To that end, note
that the restriction f|g~ is quasisymmetric with a control function depending only on 2, N, and
H := H{(R") by Corollary 2.3. Thus, by (4.17) and Lemma 2.1,

diam f(B"(x1,71)) Zn.Ncpm diam f(B"(zo,10))- (4.24)

~Y
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Therefore,
H"(f(E)) Znn,opm (diam f(B"(xo, r0)))" . (4.25)

We have argued that for all xy € R™ and rq > 0 there exist a closed set £ C B"(xq, 7o) and a
L(n, N, Cy)-bi-Lipschitz map g : f(E) — R" (with L — 1 as C'y — 0) such that (4.25) hold.

To finish the proof of the theorem, we now show that f(RR™) has big pieces of bi-Lipschitz
images of R™. Let ¢ € f(R™) and s > 0 be given. Put x = f~!(£) € R™ and set

r=max{t: f(B"(z,t)) C BN(&s)}.

Since r is maximal, there exists y € B"(xz,r) such that | f(y) — f(z)| = s. As we argued above,
there exists £ C B"(z,r) such that f(E) C f(R") N BY(&,s) is L(n, N, Cy)-bi-Lipschitz
equivalent to a subset of R and

A (f(E)) Zncopn (diam f(B"(z,r)))" = [f(y) = f(z)[" = 5™

Therefore, since £ € f(R") and s > 0 were arbitrary, f(R") has big pieces of bi-Lipschitz
images of R” with BPBI constants depending on at most n, N, C'y, and Hp(R"). U

5. DISTORTION OF BETA NUMBERS BY QUASISYMMETRIC MAPS

In this section, we examine the distortion of beta numbers by weakly quasisymmetric maps.
Our primary goal is to prove Lemma 4.2, which for convenience we now restate.

Lemma 5.1. Suppose that 1 < n < N — 1. Let V be an n-dimensional plane in R, letv € V
and let e be a unit vector in RY. For any topological embedding f : BN (v, 2r) — RY,

B (F(0) 31110 + 1) = S ) < T2V (B 0.20)

Proof of Lemma 4.2 / Lemma 5.1. Without loss of generality, by applying a translation, rotation,
and dilation in the domain, and a dilation in the image, we may assume that 1 < n < N — 1,
V =R",v=0andr =1,and f : BY(0,2) — R” is an embedding such that | f(e) — f(0)| = 1
for some unit vector e. Also, by applying a translation in the image, we may assume that

N
Z flei) + f(—e) = 0.
i=1
Fix 0 < 0 < 1/4 to be specified later, ultimately depending only on N. If H 1(BY(0,2)) > 4,
then Bpwn)(f(0),1/2) <1 < (1/8)Hp(BY(0,2)) trivially. Thus, to continue, we assume that
H;(BY(0,2)) =& < 6.

Because | f(e) — f(0)] = 1, f is a topological embedding, and H(BN(0,1)) < & < 1/4, it
follows that

T <|f(e)— f(0)] <1+¢ forevery unit vector €, (5.1)
5

BY (f<0>, :

1+4+¢

) c f(BY(0,1)) € BYN(f(0),14¢), (5.2)
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and
1 i -s diam f(B™(0,1)) < 2(1+¢) < 5/2. (5.3)
Forall1 <: < N, put
Yi = fle) + fl=e) and z; := fled) = f(_ei).

’ 2 2
We note that y; + z; = f(de;). Let A : RY — RY be the unique affine map such that

N
1
A(0) =+ > yi=0, Ale)=z foralll <i<N. (5.4)
=1

We will show that A(R™) is an n-dimensional plane and use A(R") to estimate 37 (f(0),1/2).
To start, we show that the vectors A(e;) and A(e;) are almost orthogonal forall 1 <i,j < N,
i #j. Letz € e N BY(0,1). Since Hy(BY(0,1)) < eand |z — ¢;| = |x — (—e;)|, we have

L @) = fle)
e = 1) — f(—e)

Hence, by the polarization identity,
1
(oo f(2) =il = 7 [1f (@) = f(=e) = |f (@) = f(en)P|

< (U7 = DIf(@) — fle)] < pe < Lse,

<1l+e.

where in the last line we used the estimates ¢ < 1/4 and diam f(B~(0,1)) < 5/2. In particular,
forall 1 < j < N, j # i, we have

[(zi, f(F€;) — wi)| < L.5e.
Hence |(z;,y; — vi)| < 1.5¢, as well. Averaging over all 1 < j < N, we obtain
|(zi, A(0) — y;)| < 1.5e.
Thus, for all z € e;- N BN (0, 1),
(2, f(2) = AN < [z, f(2) = wi)| + {21, A(0) = wi)| < 3e.
Recall that A(0) = 0, by assumption. Therefore,
[(Aler), f(2))] = [(zi, f(2))] < 3¢ forallz € ef N BY(0,1), (5.5)

and

[(Alei), fe)] + [{Ales), f(=¢))]
[(A(e:), Ale;))] < 5

That is, the vectors A(e;) and A(e;) are almost orthogonal forall 1 <i < j < N, i # j.
Next, we claim that

<3¢ foralli # j. (5.6)

(1—-¢)?<|A(e;)| <1+¢ foralll <i<N. (5.7)
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To see this, fix 1 < i < N. For the upper bound, recall that diam f(BY(0,1)) < 1 + . Hence
|f<€i> - f<_ei>‘

A(e)) = LD

<1l+4e.

For the lower bound, write ro = |f(0) — f(%£e;)|. Since ﬁf(BN(O, 2)) < ¢, we know that
1f(y) — f(Fe)| > (1 +e)'ry forally € OB (de;,1).
Hence f(BY(+e;, 1)) 2 BN (f(%e;), (1 +¢)7try) = BY, because f is a homeomorphism
onto its image. Moreover,
F(B(ei, 1)) N f(BY(—ei, 1)) = {£(0)},
so the balls BY and BY intersect in exactly one point. It follows that
[fe:) = f(—e)l = (1L +&) " (ry + 7).
Recalling that 7 > (1 + ¢)~! by (5.1), we conclude that

|A(61)| _ ‘f(ez) B (_ei)’ > (1 +€)_ (7”+ +T*)
2 2
where the last inequality holds, since 1 > (1 — ¢?)? = (1 — £)*(1 + €)% Thus, (5.7) holds.
We now examine how A distorts the length of arbitrary vectors. Let v € R”, and expand
N
v=> ., ve;. If [v] =1, then

> (142)22 (1—e),

AW)[P = 1] = D> _(Ales), Ales))viv; + Y (JA(en)]* = )7
i#£j i=1
<3eN + (1 — (1 —e)*) <3Ne+4e+4e® < (3N +4.25)e <6N§

by (5.6) and (5.7), and the bounds ¢ < ¢ < 1/4 and 2 < N. By homogeneity, it follows that

A
\/1—6N5§‘ (””g 1+ 6No forallv e RV,

]
In particular, stipulating that 6N6 = 3/4 (thatis, 6 = 1/8N),
1 _|A
L HAOL VT iy e vY. (5.8)
2 |v| 2

Therefore, A : RY — R¥ is invertible and A(R") is an n-dimensional plane in R,
Let £ € f(R™) N BY(f(0),1/2). Then & = f(z) for some x € B™(0,1) by (5.2). Since A is
invertible, we can find a unique y € R” such that A(y) = f(x). Then, by (5.4) and (5.8),

flei) + f(—e)
2

[yl < 2|A(y)| = 2|f (=) —

%Z Fled] + |f(x) — f(—e:)]) < 2diam F(BY(0,1)) < 5.
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Write y = u-+v where u € R" and v € (R")*, and expandu = 37 use;andv = 327

= j=n+1 Uj€j-
Then

= (f(z) — A(u), A(v))
_ Z (f(x), Ae;))v; — Z | (A(es), Alej))uiv;.

Thus, by (5.5) and (5.6),

N n N
F@) = AP < 3 3elul + 37 37 Beluillog] < 3e(N =)ol (1 -+ 0 2fu)

i=n+1 i=1 j=n+1
Note that [v] < 2|A(v)| = 2|f(x) — A(u)|, |u|] < |y| <5, and 1 < n'/2. Hence
dist(¢, A(R™)) < |f(x) — A(u)] < 36Ne forall £ € f(R™) N BY(f(0),1/2).
Therefore, 3 (f(0),1/2) < 72Ne = 72N H; (BN (0,2)). 0
Our next task is to derive Corollary 4.3, which for convenience we now restate.

Corollary 5.2. Supposethat1 <n < N —1and H > 1. Thereis C = C(N, H) > 1 such that
ifz€R™ ¢t >0, f: BY(z,2t) — RY is quasiconformal, and H;(B"(z,t)) < H, then

diam f(BN (z,t))/C 2d8 t N 2d8
/ Bran (1) 5P S <€ [ Hy(BY 0P (59)
0 0

Proof of Corollary 4.3 / Corollary 5.2. Let1 <n < N —1and H > 1 be given. Assume that
f: BY(z,2t) — R" is quasiconformal and H;(B"(z,t)) < H for some z € R" and ¢t > 0.
Then K := K;(BY(z,t)) < HV~! and the inverse g = f|;}v(z y f(BN(2,t)) — BN(2,t) is
also a K-quasiconformal map. Set o := K"/~ < 1/H and

M= s ()= ()]

w—z|=t

We remark that M < diam f(B™(z,t)) < 2M, since Of (BN (z,t)) = f(O0B"(z,t)). Because
f is weakly H-quasisymmetric, f(B~(z,t)) 2 B™(f(z), M/H). By Theorem 2.10, there
exists a constant A = A(N, K') = A(N, H) > 1 such that

@)= f)l < AM |2 =27 forall e,y € BY(2,/2).

t t
In particular,
1f(x) — f(2)| < AM (%)a < % forallz € BY(z,7r),
for all > 0 such that ; ;
r < W < 5 (5.10)

Let r > 0O satisfy (5.10). By Lemma 5.1,
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Let us bound r from above by a power of u := |f(z + re;) — f(z)|/2. Write £ = f(z + re;)
and ¢ = f(z). Then & € BN((, M/2H), since r satisfies (5.10). By Theorem 2.10,

¢ | 2Hu
= At
M
Thus, since H (BN (z, s)) is increasing in s, we have

M/H M/H
77 N 2Hu 17 N a
Brwny (f(2),u) Sy Hy | B™ | 2,2At uYa = Hy (BY (2, Qt(u/M)™)), (5.11)
where ) := 2A(2H )" depends only on N and H. Note that (5.11) holds for all v > 0 such that

2Hu\“ t
) e )
At( N ) = 2Am)e (.12)

because (5.12) ensures that © comes from some r satisfying (5.10).
Hence, for all @ > 0 sufficiently small,

[ 02 2 s [ RSB Qe

Qt(a/M)* _ ,d
= —/ (B (2, 9)P
0

« S

r=19(§) —g(Q)] < At

where the equality follows from the change of variables s = Qt(u/M)%, ds/s = adu/u. Taking
a to be of the form a = diam f(B"(z,t))/C with C large, we obtain

diam f(BN (z,t))/C ds QE/C)*t N 9 ds
/ B UG S S [ B o) S
0 s 0 s
Therefore, (5.9) holds for C' > 1 sufficiently large depending only on /N and H. U

6. ESTIMATES FOR COMPATIBLE AFFINE MAPS AND ALMOST AFFINE MAPS

To start the section, we record useful estimates for compatible affine maps (Lemma 6.1) and
for almost affine maps (Lemma 6.2). Next we show that almost affine maps with small constant
are Holder continuous (Lemma 6.3). In Lemma 6.4, we make estimates on the diameter, inradius
and local flatness of the images of balls under almost affine maps. To end the section, we give a
pair of lemmas (Lemmas 6.6 and 6.8), which enable us to replace an arbitrary family compatible
affine maps approximating an almost affine map with a family of compatible affine maps that
satisfy additional nice properties.

Forall ¢ > 0, define 7. : [1,00) — [1,00) by

To(t) = (2logy(t) + 1)t2'e2042) forall t > 1. (6.1)

Observe that 7.(t) is increasing in ¢ and ¢; that is, T, (t1) < T,(t2) forall 0 < e; < &5 and
1<t <ty. Forall x,y € R" and r, s > 0, define

max{r, s, 2|z — y|}

(@, 7y, 8) = (6.2)

min{r, s}
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Lemma 6.1 (Estimates for compatible families of affine maps). Let E C R" and e > 0. If A is
an e-compatible family of affine maps over E (see §4.2), then for all x,y € F and r,s > 0,

1A%, = Ay ol < Te(r) e min{ [ AL |, 14y 1} (6.3)
and
max{ || Ay .|| [ 4y oI} < (14 Te(r)e) min || AL ], |4 ]I} (6.4)
where T = 7(x,r,y, s). In particular, ife < a and 7 < a for some a > 1, then
[ A% — Ayl Sa e min{[|A7 ], 1A, 1} (6.5)
and
max{[| A7 I, [[ 4} I} Sa min{[| A7, [], 14, [} (6.6)

Proof. Suppose that A is an e-compatible family of affine maps over £ C R™. We shall first
establish an auxiliary estimate:

AL, — ALyl < ((1+e)* = 1) min{|| A, ||, |4 o0, |} forallz € Eandk > 0. (6.7)

Fix x € E. Forallk > 0, [[A ., — A i1, || < emin{|| AL, [, [[A%, ]|}, because A is
e-compatible. Hence, by the triangle inequality,

max{[| Age, [, [| A1, [} < (1 + &) mind LG pi (I, [[ A7 00,1}

By induction, it follows that (1 + ) *||A, | < AL el < (1 + e)¥|| AL || for all integers
k > 0. We now estimate || A, — A’ ., . Since this expression vanishes trivially when k = 0,
we may assume that £ > 1. Expanding the difference as a telescoping sum yields

N

-1

||A;?,T - sz ” < Z ||AJ: 2ir $2]+1T‘|| < 5(1 + 5)]”‘/4;0,7’”

7=0 (6.8)
(I14+¢e)—1
=e (m JA, = ((L+ )" = 1) |4, |-
Similarly, telescoping in the other direction,
k— k—1
||A:E 2k Z ||Am ok—=lp T x2k U 1r|| S 8(1 +8) ||Ax 2k H
(_0 | 1=0 (6.9)
1+e)"—1
=€ (m) AL il = (L4 8)" = 1) | AL o, -

Therefore, (6.7) holds by (6.8) or (6.9), according to whether [[A} || or ||A] . | is smaller,
respectively.

We now aim to prove (6.3). Fix x,y € E and r, s > (0. Without loss of generality, we assume
that 7 < s. Define k& > 0 to be the unique integer such that 2¢r < s < 281y andlet ! > 0 be
the smallest nonnegative integer such that |z — y| < 2!'s. By two applications of (6.7):

1A = A g, | < (14 €)= 1) min{ AL 147 e 1}
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and
145, = Ay o < (1 +2)" = 1) min{||4, I, 14} 5,1}
Also, since A is e-compatible, [z — y| < 2's = max{2F*'r, 2's} and 5 < (2"1r)/(2's) < 1,
1AL gt = Ay arll < € mind[LAL pu, [l [[AG 2111}
By the triangle inequality, it follows that
max{[| A griplls 1A} 21 ll} < (1 4 &) min{ [ A7 g, [, 145 21,13
Combining the previous four displayed equations yields
145, — ALl < [2+€) (L+e)™ = 1) + ] min{[| A, yow, ||, 147 51,1}
Next, by (6.7) and the triangle inequality, we have [|A] ,... [| < (14+&)**[A [l and [|A! ,, || <
(1+&) A}, < (1+ )] 4, || Hence
145, — ALl < L+ [2+e) (1 +e)* = 1) + e] min{ | AL [, 14} .1}

Thus, invoking the mean value theorem (for the function ¢ — t*+! betweent = 1andt = 1 +¢)
and noting that (2 +¢)/(1 +¢) < 2 for all £ > 0, we conclude that

14, — A < L+ )" [(2+e)e(k + D1 +)" " + ] min{[| 47, |4 ]I}
< (14 2(k + 1) + 1 e min{]| A7 I 14 13-

Examining the definitions of £ and [, we see that & < log,(s/r), l = 0if |x — y| < s, and
I <logy(2|x —yl|/s) if |z — y| > s. Either way, k + [ < log,(max{s, 2|z — y|}/r) =: logy(7)
and (1 + )2+ < (1 4 ¢)?loe2(7) = 72lo82(1+¢) This establishes (6.3) and (6.4) follows from
the triangle inequality

To finish, suppose that ¢ < a and 7 < a for some a > 1. Then, by (6.3),

145, — Ayl < (2logy(a) + 1) a®P& e min{|| A7 |, |47 1}
This establishes (6.5) and (6.6) follows from the triangle inequality. U

Lemma 6.2 (Estimate for affine maps approximating an almost affine map). Let (f, E, A) be
e-almost affine for some 2 C R" and € > 0 (see §4.2). Let x,y € E, let r;s > 0 and let a > 1.
Ife <a, | —y| <amax{r,s} and dist(z, {z,y}) < amax{r, s} for some z € R", then

[Asr(2) — Ay s(2)| Sa Te(7) 8min{||A;:,rH, HA;/,sH} max{r, s}, (6.10)
where T = T(x,r,y, s). In particular, if in addition T < a, then
| Az (2) = Ay s(2)| So emind|[|A; ], [| 4] |} max{r, s}, (6.11)

Proof. Let E C R",lete > 0, and let (f, E, A) be c-almost affine. Let z,y € E and r, s > 0.
Without loss of generality, assume that » < s. Let a > 1 and 2z € R" be given, and assume that
e <a,|r —y| <as,and dist(z, {z,y}) < as. By the triangle inequality,

[Awr(2) = Ay s (2)] < [Anr(2) = Ay as(2)] 4 [Ay,as(2) = Ay s(2)].
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We estimate the two terms separately. First, expanding A, qs(z) = A} (2 — y) + Ay4s(y) and
A, () = A;,S<Z —y) + A, s(y), we obtain

| Ayas(2) = Ays(2)] < Ay os(z —y) — Ay (2 = W)+ [Ayas(y) = FW+1f () — Ays(y)]
< Ay s — Ayslllz — yl + el Ay oollas + e[| Ay [l s
(HAy as AI H + 8HAy asH + 8”"4;,5”) S,

since y € B"(y,as) N B"(y,s) and (f, E, A) is e-almost affine. But || A
14,

yasH ~a HA;/,SH and
— A, |l Sa ellA; |l by (6.5) and (6.6), since € < a and 7(y, as,y, s) = a. Hence

y,as
|Ayas(2) — Ays(2)]| Sa EHA;,sHS' (6.12)

Similarly, expanding A, ,(z) = A, (2 — x) + Az (v) and Ay os(2) = A, (2 — 2) + Ay as(0),

y,as
| A (2) = Ayas(2)| S AL, (2 — @) = Ay oo (2 — @) + [ A p(2) = f(@)| + [(2) — Ayas(@)]
§||Aa,~,r Ay oslllz — 2| + el AL, lIr + €| A
<a (”A;: _A, ||+5||A ||+€||Ayas|l)

y,as

yas”a‘s

because x € B"(x,r) N B"(y,as) and (f, £, A) is c-almost affine. By the triangle inequality

and the estimates for || A; ,, — A; (|, |4}, .s|l and || A} || from above, it follows that

Y,as yas|

Az (2) = Ayas(2)] Sa (145, — Ayl + el A7l + el A ) 5. (6.13)
Now, by Lemma 6.1 (6.3) and (6.4), writing T := T.(7), 7 = 7(z,7,y, s) we have
|A%, — Ay ol < Temin{[| A7 1, 1A, (1} (6.14)
and
max{|| A [, [| 4} 1} < (1 + Te) min{[[ A [, |4, ([} Sa Tmin{[|A7 I, [[4, I} (6.15)
because ¢ < a and 1 < T'. Thus, put together, (6.13), (6.14), and (6.15) give
[ Aair(2) = Ayas(2)] Sa Temin{[| AL, |4, ([} s. (6.16)

Therefore, combining (6.12), (6.15) and (6.16), we obtain (6.10). If it also happens that 7 < a,
then T <, 1 and (6.11) follows immediately from (6.10). O

Lemma 6.3 (Holder continuity). There exists an absolute constant ¢ > 0 such that if (f, E, A)

is e-almost affine for some ¢ < &, then f|g is locally a-Hélder continuous for o = a(e) < 1
such that o 1 1 as € | 0. More precisely, if § =1 — 2log,(1 +¢) € (0,1), then

4 B (1—¢)
f(2)— f(y)] < e <|Iroy|) 1AL v forall z,y € ENB"(z9,70/2) (6.17)

forall zy € E andrg > 0.
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Proof. Seté = /2 — 1. Let ¢ < £, so that 1 — 2log,(1 4 ¢) =: # > 0. Suppose that (f, E, A)
is e-almost affine. Let zg € E and ry > 0 be given. Fix z,y € E N B™(xo,79/2) so that
|x —y| = r < ro. On one hand, since (f, F, A) is e-almost affine,

[F (@) = FW)] < [Awp(@) = Awp (W) + [[(2) = A p(2)] + [f(y) = Aur ()]
< (14 20)[| A5, llr < 20| Al

On the other hand, since 7(x, r, zo,7) < 79/r, by Lemma 6.1 (6.4),

To To 2log,(1+4¢)
4G < D14l 4+ (2108, (22) +1) () el A

2 To 5% To 2logy(1+¢)
< Ml + ( oy () —1)+1) () ’
< Ml + (g () =1) +1) (% .

< 2 () e 2 ()T ()
= flog(2) \ r ool glog(2) \ 7o woroll {57 )

where to pass between the first and second lines we used the inequality

-1

dlog(2)

(That is, log(t) < ¢t — 1 for all ¢ > 1.) Combining the displayed equations immediately gives

(6.17). Therefore, the map f|g is locally a-Holder continuous, where o« = (1 — ¢)f < 1 only
depends ¢. Lastly, note that (1 —£)f0 T L ase | 0. O

log,(t) < forallt > 1and § > 0.

Lemma 6.4. Let (f, B"(x,r), A) be e-almost affine for some x € R" and r > 0. If A, (A, ) <
HM(A},,) and H(t + 2¢) < 1, then

|A% lIr < diam f(B"(x,7)) < 3[| A3, [|r, (6.18)
HAL, Ir < 1£(@) — F)| < 2040, Ir forally € DB (z,7), (6.19)
and
1
(B (2.r)) (f(x), Vi diam f(B(z, r))) < 6eH. (6.20)

Proof. Fix aparameter 0 < ¢ < 1. Suppose (f, B"(z,r), .A) is e-almost affine for some z € R",
r > 0 and e > 0. Furthermore, suppose A, (A}, ,.) < HA (A ) for some 1 < H < oo such that
H (t + 2¢) < 1. We will compare f(B"(x,7)) C RY with A, . (B"(x,r)) C RV,
To start, observe that
diam A, .(B"(z,1)) = QHA;WHT
and
inf |A,,(y) — Az (z)| = )\1(14;,7")7“ > H_1\|A;7r\|r, (6.21)

ly—z|=r
since A, , is affine. Because (f, B"(x,r),.A) is e-almost affine, it follows that

1F () = F(2)] < [Awr(y) = Aer(2)] + [F(y) = Aer(y)] + 1/ (2) = Az (2)]
< (24 29)[1 45, lIr
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for all y,z € B"(x,r). Hence diam f(B"(x,r)) < (2 4 2¢)||A},|lr. Similarly, choosing

Yo, 20 € B"(x,r) such that | A, ,(vo) — Az (20)| = diam A, . (B"(z, 1)), we see
£ (yo) = f(20)| = [Awir(y0) = Axr(20)] = [ (¥0) = Azr(w0)| — [/ (20) = Az (20)]
> (2 - 20) || AL, I
Hence diam f(B"(z,7)) > (2 — 2¢)|| A, ,|[r. A parallel argument gives, for any |y — x| = r,
1f () = F(@0)] < [Azr(y) = Awr(2)| + | f(y) = Acr (W) + [f(2) — Azr(2)]
< (1420)[| 45, lIr
and

[f () = (@) 2 Aer(y) = Awr (@) = |F(y) = Awr ()] = | f(2) = Az (2)]
> (H™' = 2¢)|| AL I

The inequalities (6.18) and (6.19) now follow, since 2¢ < 1 and H ! —2¢ > ¢ by our assumption
that H(2e +t) < 1.

To continue, we estimate the local flatness 67 (pn (1)) (f(2), s) at scale s = H~'[| A}, ||r. Let
V be the n-dimensional hyperplane containing f(z) given by

f(@) = App(2) + Az (R7).
On one hand, if w € f(B"(z, )) N BY(f(x),s), say w = f(z) for some z € B"(x,r), then
dist(w, V) < [f(2) = Azp(2) + Apr(2) — w]

< |[f(x) - m,r(fﬁ)\ + | Aar(2) = f(2)] < 26| A, |Ir = 2eHs.

On the other hand, suppose that v € V N BY(f(x), s), say v = f(x) — A, (x) + Ay (2) for
some z € R™. Since |A,,(2) — Apr(z)| = [f(2) —v] < s = H'||A,,||r, we know that
> € B"(x,r) by (6.21). Thus

dist(v, f(B"(2,7))) < v = f(2)] < [f(2) = Awr(@)] + [Aay(2) = f(2)]
< 2|4}, ||r = 2eHs.

We conclude that 0 Bn(x,r))(f (x),s) < 2¢H. Finally, shrinking scales using (3.1) and (6.18)
yields (6.20). 0]

Definition 6.5. Let £ C R" be bounded. A family .4 of affine maps over E is stable on large
scales if there exists z, € E such that A, , = A, giam g for all z € E and for all > diam E.

Lemma 6.6. Ler ¥ C X C R" with E bounded. If f : X — R" is e-almost affine over E for
some € > 0, then (f, E, A) is e-almost affine for some A that is stable at large scales. In fact,
given any B such that (f, E, B) is e-almost affine and any v, € E, (f, E, A) is e-almost affine
for the family A defined by

B, if 0 <r <diamF,

Apr = { B s if 1> diam B, forallx € E andr > 0. (6.22)
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Proof. Let E C R™ be bounded, suppose that (f, E, B) is e-almost affine, and let z, € E be
given. Define A by (6.22). Then A is stable on large scales. We will show that A is e-compatible
and (f, E, A) is e-almost affine.

To show that A is e-compatible, suppose that x,y € Eandr, s > Osatisfy |[x—y| < max{r, s}
and 1/2 < r/s < 2. We start with two easy cases. On one hand, if r, s < diam £, then

1A, = Ayl < emin{[J AL 14y (I} (6.23)

since B is e-compatible and A, , = B, , and A, ; = B, ;. On the other hand, if r, s > diam E,
then (6.23) holds since A,, = By, diame = A,,. Next we look at the case of mixed scales.
Assume without loss of generality that r > diam £ and s < diam E so that A, , = By, diamE
and A, ;, = B, ;. Note that diam £ > s > %r > %diam E. Hence, % < (diam E)/s < 2 and
|z, —y| < diam E' = max(diam E, s). Thus, in this case (6.23) holds, since B is e-compatible.
Therefore, A is e-compatible.
To check that (f, £, A) is e-almost affine, let x € E and r > 0. If »r < diam E, then
A, , = B,,. Hence
sup )Hf(z) — Apr(2)] < el AL, I, (6.24)

zeENB(z,r
since (f, E/, B) is e-almost affine. Similarly, if > diam F, then A, , = B, diam ¢ and (6.24)
holds, since FN B(z,r) = E = ENB(x,,diam F) and (f, E, B) is e-almost affine. Therefore,
(f, E,A) is e-almost affine. O

Definition 6.7. Let f : R® — R and let £ C R" be bounded. A family A of affine maps over
E is adapted to f on small scales if, for all x € E and r < diam F,

Az +re;) = f(x+re;) foralli=0,1,...,n, (6.25)
where eg = 0 and e, . . ., e, is the standard basis for R".

Lemma 6.8. For all n > 1, there exists P = P(n) > 1 such that if Pe < 1 and f : R® — RY
is e-almost affine over B™(xy,3ry) for some xo € R™ and ro > 0, then (f, B"(xq,ro),.A) is
Pe-almost affine for some A that is adapted to f at small scales. In fact, given any B such that
(f, B™(xq, 3r9), B) is e-almost affine, there exists a family A of affine maps over B™(xq, ro) that
is adapted to [ at small scales such that (f, B"(xo,70), A) is Pe-almost affine and such that
Ay, = By, forall x € B™(xo, o) and for all r > 2r,.

We first prove an auxiliary lemma. For all bounded V' C R™ with positive diameter, define
U (V) := (diam V)" /ZL"(co V) € (0, o0, (6.26)

where co V' denotes the closed convex hull of V' and by convention U(V') = oo whenever
Z™(co V') = 0. We remark that the isodiametric inequality asserts that V(1) > ¥(B"(0,1));
see e.g. [EG92, Chapter 2].

Lemma 6.9. Suppose V = {vg,...,v,} CR™ IfA, B : R" — RY are affine maps such that
|A(v) — B(v)| < ediamV forallv € V, then
4n(n+1)/2

n!

|A(z) — B(z)| < ¢ (diamV + U(V) dist(z, V)) forall z € R". (6.27)
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Proof. If U(V') = oo, then there is nothing to prove. Thus, assume that U(V') < oo, which
ensures that v, . . . v, are affinely independent. Let = € R". By relabeling the elements of V', we
may assume without loss of generality that |z — vy| = dist(z, V') and |v; — vo| = max; |v; — vg|-
Then %diamV < |v; — v9| < diam V. Furthermore, after a harmless translation, we may
assume without loss of generality that vy = 0. Let {ey, ..., e, } be the standard basis for R™ and
let 7" : R™ — R" be the invertible linear transformation such that 7'(e;) = v; foralli = 1,...  n.
Then, letting £ = {0, e1,...,en},

| det T'|

LMo V) = LM (T(c0 E)) = £"(co E)| det T| = 1=

Hence ¥ (V') = n!(diam V)™ /| det T'|. Next, note that

1

3 diam V < [T(e))| < ||T|| < (oo + - - - + [va])Y? < Vnmax |v;| = v/ndiam V,
where the third inequality follows from the Cauchy-Schwarz inequality. Thus, we see that

T
v(V) >
(V)= n/2|det T| — ”/2|

Let A = A — A(0) and B = B — B(0) denote the linear parts of A and B, respectively. By
(v) — B'(v)| < |A(v) — B(v)| + |A(0) — B(0)| < 2ediamV forallv € V.
Expanding z = ayv1 + - - - + a,v,, it follows that

n! dlam %
nn/2

T = 1=

|A(2) = B(2)| < [A(0) |+Z|az| |A(vi) = B'(vi))|

< (1+4+2(ay| +---+ \an|)) e diam V.

To continue, observe that

Z la;] < v/n Zale,

=1
Combining the previous three displayed equations yields (6.27). U

VT (=) < VAT I2] = Va T dist(z, V).

Proof of Lemma 6.8. Fix P > 1 to be specified later. Suppose that f is e-almost affine over
B™(xg, 3rp) for some zy € R™ and ry > 0, for some ¢ > 0 such that Pe < 1. Choose any B
such that (f, B" (o, 3r¢), B) is e-almost affine. Define a family .A of affine maps over B"(z, ()
as follows. For all x € B"(zg,70) and 0 < r < 2r, define A, , to be the unique affine map
such that A, ,(x) = f(z) and A, ,(z + re;) = f(z + re;) forall 1 < i < n. And, for all
x € B"(xg,19) and r > 2r¢, set A, , := B, ,. Then A is adapted to f at small scales. It remains
to show that (f, B"(zo,79),.A) is Pe-almost affine.

Fix z € B(xg,ro)andr < 2r(. Note that B(z, ) C B(zo,3r9). LetY = {vo,...,yn} C R",
where yjo = z and 3; = = + re; foralli = 1,...,n. Since diamY = /2 and .£"(coY) =
" /n!, we have ¥(Y') = 2"/2n!. Furthermore, for all y € Y/,

|Avr(Y) = Bar ()| = [f(y) — Ber(y)| < SHBIx,rHT = | diam Y,

3
— || B’
B
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because A is adapted to f at small scales, (f, B"(zo,3r0), B) is e-almost affine, and Y C
B™(z,r) N B™(xg,3ro). Thus, for all z € B™(x,r),

p(n+1)/2

4
| Ay (2) = Bpr(2)] o diam Y + ———2"2nl—|| B} || dist(z, V)
n

< —|B., IB:. :
\/_ \/_ (6.28)
< (1+2020)™02) e B,
by Lemma 6.9. Hence, writing 6 := 1+ 2(2n)™+1)/2 > 5 we see that

(1=202)[|B, ,Ir = sup [Bay(2) = Bay(x)| — 20¢ B, ,[Ir

|z—zx|=r

< sup |Ax,r<z) - Aﬂc,r(mﬂ = ”A,l‘,’I‘HT‘

|z—z|=r
We now specify P > 46 sothate < 1/P < 1/46 and
1Bz ol < 201 A% - (6.29)

It follows that

’f(2> - Am,r(z)’ < ’f(Z) - Bx,r(z)‘ + ‘Aa:,r(z) - Bz,r(z)l

6.30
< (L4 0Bl < 2+ 20040, r < 3el|4 | O
forall z € B"(z,r), forall x € B™(x,10) and for all 0 < r < 2ry.
Next, observe that
f(2) = Aer(2)] < ell ALl (6.31)

forall z € B™(x,r)NB"(zo, 10), forallz € B"(xg, ), and for all r > 2r(, because A, , = B, ,
and (f, B™(xo, 3r9), B) is e-almost affine.

We now verify that A is C'(n)e-compatible. Fix x,y € B"(xg,79) and r, s > 0 such that
s/2 <r < sand |z —y| < s. We proceed by cases.

Case (1). Suppose that 2ry < r and 2ry < s. Then [|A}, — A} || < emin{[|A, ||, 4]},

since A, , = By, Ay s = B, s and B is e-compatible.
Case (2). Suppose that r < 2ry < s. On one hand, by (6.28) (twice),

||A:,E,T - Ba,a,rH = Sup _|Ax r( ) - Bxﬂ“(z) - (Aw,r(x) - Bm,r(x)”
lz—a|=r T (6.32)

< 20¢||B; .||
On the other hand, since B is e-compatible,
1B, — By |l < emin{||B; [l Byl}- (6.33)
It follows that || B;, . || < 2| B, .|| and
||A/r,'r - Bg//,sH < ||A£c,r - B;,TH + ||B/m,r - B;,SH < (4‘9 + 1)€||Bg/;,s|| < 505“‘8;,5“

Hence || B, || < 50¢|| B, || + [| A%, .|| by the triangle inequality. We now require that P > 106
sothate < 1/P < 1/100 and || B, || < 2[|A ,[|. Therefore, since A, s = B, s,

1A%, = Ayl = 145, = By Il < 102 mind [ A ], [|B [} = min{ [ A7 |, [| A 1}
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Case (3). Suppose that r < 2rg and s < 2ry. Then
||A/m,r - A;,s” < “A;:,r - Balv,r” + ||B;,7‘ - By/;,s” + ||B3,;,s - A;;,s”
< 20e|| By .|| + e min{|| By, [|, | By .||} + 20| B, ||
by (6.32) (twice) and (6.33). Hence, by (6.29),
/ / / / / /
[ A%y — Ayl < (80 + 2)e max{|[|A; ||, |4, [} < 902 max{|| A7 .||, | A} [}
Using the triangle inequality (twice), it follows that
[ Aol < 90| AL | + [|Ay [l and (|4, [] < 90|l AL || + | A5, I-

We now require that P = 186 so that e < 1/P < 1/180. Therefore, max{||A [, || 4 .||} <
2min{|| A ||, || 4 ][} and

[AL, — Ayl < 180 min{ || AL [, |4, I}

We have verified that A is Pe-compatible, where P = 180 = 18 (1 + 2(2n)™*1)/2). There-
fore, (f, B™(xo,10),.A) is Pe-almost affine by (6.30) and (6.31). d

7. ALMOST AFFINE QUASISYMMETRIC MAPS WITH SMALL CONSTANTS

To open this section, we supply a proof of Lemma 4.7, which for convenience we now restate.

Lemma 7.1. For all 6 > 0 there exists §, = 6,(0) with the following property. Suppose that
[ R* — RY is quasisymmetric and H;(R") < H. If f is d,-almost affine over B"(xq, 2r0)
and H¢(B"(xg,2rg)) < d. for some xy € R™ and ry > 0, then

1
54H
Thus, if f is ,.-almost affine over R" and ﬁlf(R”) < 6, then f(R™) is (H§, 00)-Reifenberg flat,
ie. Opwny(f(z),r) < HO forall v € R" and r > 0.

Ormny(f(x),7) < HS forallx € B"(xg,10) and 0 < r < diam f(B"(zg,70)). (7.1)

Proof of Lemma 4.7 / Lemma 7.1. Given 0 < 6 < 1, pute = §/18 and t = % — %5. Observe
that this choice of parameters satisfies 2(¢ + 2¢) = 1. Let f : R® — RY be quasisymmetric
with H¢(R™) < H, and let zyp € R™ and ry > 0. Assume that ( f, B"(zo, 2r9), A) is d,-almost
affine and ﬁf(B"(xo, 2r9)) < 4, for some J, < ¢ to be specified below. Let z € B"(x, ry) and
0 < r < rg. Then, recalling (4.2), we find that

An(Ay)r < 20| A llr + sup |f(y) — f(2))]

ly—z|=r

<20, AL I+ (146, inf |f(0) = (x)
< 20,(2 + 0.) || AL [lr 4 (14 6) A (AL, ).

In particular, A, (A7, ) < 2A;(A ) provided that we choose d. to be smaller than some absolute
constant. By Lemma 6.4, it follows that

|A% lIr < diam f(B"(x,7)) < 3[|A; .|, (7.2)
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1 9 1
‘ inlf \f(y) — f(z)| > (6 — 2—7) diam f(B"(x,r)) > §diam f(B™(z,1)), (7.3)
y—x|=r
and
1 .. " 2
ef(B”(x,r)) (f(.CE), 6 diam f(B (33,7“))) < 55 (74)
On one hand, using (3.1) to shrink scales in (7.4), we obtain
1 . n
¢ (z,r) (f(x), i diam f(B (x,r))) < H). (7.5)
On the other hand, (7.3) and the hypothesis H;(R") < H yield

sup |f(y) — f(2)] > — diam f(B"(x,7)),

: 1
nf 17() = @)z g7 swp. o

>
|z—z|>r - H [
which implies that
) 0 B (). gy diomn F(B" () ) © S8 ) 16)
Together (7.5) and (7.6) yield

1
6 ¢ (mm (f(:zc), Yi diamf(B”(x,r))) < H¢ forall z € B"(xg,r9) and 0 < r < 7.

Finally, since A is 1-compatible and |z — x¢| < ry, we have

1 § 1 1 1
9—Hd1amf(3 (z,70)) > Q—HHA;,TOW’O > B—H|’A§;0,TOHT’0 > S

by (7.2). Combining the previous two displayed equations yields (7.1). U

diam f(B"(zo,70))

Next up, we aim to prove Theorem 4.8, but first we prove an intermediate statement.

Lemma 7.2. Forall N > 2 and for all € > 0, there exists § > 0 such that if f : BN (x,r) — RY
is quasisymmetric and H;(B" (x,r)) < 0, then there is a similarity S, : RN — RY such that
f () = Sar(y)| < ellS;, I forall y € BY(x, 7).

Proof. Recall that similarities are the compositions of translations, rotations, reflections, and
dilations in RY. Let N > 2 be given. Suppose for contradiction that there exists ¢ > 0 and a
sequence of quasisymmetric maps f¢: BN (2% rt) — RY such that 2* € RY, r* > 0, and

Hps(B(a',r) < 1/i,
but for every similarity S : RY — RY there exists y5 € BY (2%, r?) such that
1 (ys) = S(ys)| > el S|l

For each i > 1, let ¢° : RY — RY be any similarity such that ¢'(BY(0,1)) = BN (2%, %), let
Y RY — RY be any similarity such that )*(f(z')) = 0 and *(f(¢*(e1))) = ey, and set

g =1'oflog': BN(0,1) » RY.
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Then each ¢’ is a quasisymmetric map such that g(0) = 0, g(e;) = €1, and ]:.792' (BN(0,1)) < 1/4,
but for every similarity S : RY — RY there exists 25 € B"(0,1) such that

l9'(25) — S(25)] > ]| S']|-
The family {g; : i > 1} is sequentially compact by Theorem 2.4. Thus, we can find a weakly 1-
quasisymmetric map g : BV (0,1) — R and a sequence i;, — oo such that g** — ¢ uniformly
as k — co. By Corollary 2.9, there exists an similarity 7" : RY — RY such that g = T~ o 1).

Passing to a further subsequence, we can assume that g° — ¢ uniformly and 2. — 27 for some
zr € BY(0,1). This leads to a contradiction:

0 = [g(zr) — T(er)| = liminf |g'() — T(=4)] > €| 7] > 0.

Therefore, for all ¢ > 0, there is § > 0 such that if f : BY(z,r) — R” is quasisymmetric and
H;(BY(x,r)) < 4, then there is a similarity S : RY — R such that | f(y) — S(y)| < ¢||5"||r
forally € BN (z,r). O

We now give a proof of Theorem 4.8, which for convenience we now restate.

Theorem 7.3. Suppose N > 2. For all T > 0, there exists 7. = 7.(7, N) > 0 such that if
BN(z,3r) c Y C RY forsomex € RVandr > 0, f : Y — RY is quasisymmetric and
H;(BY(x,3r)) < 7., then f|yrgn is T-almost affine over B"(x,r).

Proof of Theorem 4.8 / Theorem 7.3. Tt suffices to establish the theorem with Y = B (0, 3),
r=0andr = 3. Let N > 2and 7 > 0 be given, and fix 0 < 7, < 1 to be specified below.
Without loss of generality, we shall assume that 7 < 1. Assume that f : BY(0,3) — R is
quasisymmetric and H;(BN(0,3)) < .. Note that BN (z,r) ¢ BN(0,3) for all z € B"(0,1)
and r < 2 = diam B"(0,1). Let § > 0 be the constant from Lemma 7.2 corresponding to
e = min{1/12,7/128}. Assume 7., < §. By Lemma 7.2, forall z € B"(0,1) and 0 < r < 2
we can find similarities S, : RY — R such that

sup [ f(y) = Ser ()| < €l|S 7

yEBN (x,r)

For each z € B"(0,1) and 0 < r < 2, let A, , : R® — R" to be the restriction of S, to R™.
Then

15, Mlr < 2¢][S; I+ sup [f(y) — f(=)]

ly—z|=r
< 2SI+ (L7 int [7(y) - fla)
< 262+ 7)l1Se 1+ (L + )M (7).
Since 7, < 1 and € < 1/12, we have 2¢(2 + 7,.) < 1/2 and
1500l < 2(1 4+ 7) A (S5,) < 4M(Sh,) < 4[4,
Hence, forall z € B"(0,1) and 0 < r < 2,

i
sup [ f(y) = Aer(y)] < el Az, || < 5114l (7.7)

yeB™(x,r)
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Forall x € B"(0,1) and r > 2 = diam B"(0, 1), assign A, , = Ago. Then
A={A,, :x € B"(0,1),r >0}

is a family of affine maps over B"(0, 1) that is stable at large scales. Using (7.7), it readily
follows (cf. the proof of Lemma 6.6 above) that for all z € B™(0,1) and r > 0,

() = Aes ()] < ALl forally € B (a,r) N B"(0,1).

Thus, to show that (f, B™(0, 1), .A) is T-almost affine, it is enough to check A is T-compatible.
To that end, suppose that z, z € B"(0,1) and 0 < s < r < 2s. We must show that

1A, = ALl < 7 mind (LA ] [[AL 1 (7.8)
In view of (the proof of) Lemma 6.6 above, we may assume without loss of generality that
r < 2 =diam B"(0,1). Let w = 1z + 22 so that B"(w,r/4) C B"(z,r) N B"(z,s). By (1.7)
(four times),

4, = AL = sup [(Arr(0) = An(0)) = (Apy () = Auy(w))]

|lv—w|=r/4

<2 Al 42 AL s < 2 max{ AL AL}
That is, || A}, — AL || < (7/2) max{[|A] .||, | A, | }. Thus, since 7/2 < 1/2,
mac{[[ 4L, . [ AL} < 2min{|l4, . |42}

and (7.8) holds. Therefore, the family A is 7-compatible and, by the discussion above, the map
f is T-almost affine over B"(0, 1). O

8. EXTENSIONS OF ALMOST AFFINE MAPS |

The goal of this section is to prove the following extension theorems for almost affine maps
with small constant; cf. bi-Lipschitz extensions of “Reifenberg flat functions” constructed by the
first named author and Raanan Schul [AS12, Theorem III]. Throughout this section, we freeze
dimensions 1 < n < N. See §4.2 above to recall the definition of an almost affine map.

Theorem 8.1. There exist constants g = £y(n) > 0 and Cy = Cy(n) > 1 with the following
property. If 1 < n < N, E C R" is closed, and (f, E, A) is e-almost affine for some ¢ < ¢,
then the map f : E — RY can be extended to a Cyc-almost affine map F : R* — R such
that (F,R"™, A") is Coe-almost affine for some Coc-compatible family A" of affine maps over
R” extending A, i.e. F|p = fand A} = A,, forallx € Eandr > 0.

Theorem 8.2. Forall1 < H < coand 1 < p < 2, there exist e = e1(n, H,p) > 0 and
Cy = Ci(n) > 0 with the following property. If 1 <n < N, E C R"is closed, f : E — R" is
nonconstant, and (f, E, A) is e-almost affine for some ¢ < £, and some A such that

A(A,,) S HM(A,,) forallz € Eandr >0, (8.1)

then f can be extended to a Cic-almost affine map F : R* — RY such that (F,R", AT) is
C\e-almost affine for some Ce-compatible family A" of affine maps over R" extending A, i.e.
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Flg = fand A}, = A, forallx € E and r > 0. Moreover, the extension F is weakly
pH-quasisymmetric and the extension AT = {A,, : x € R",r > 0} D A satisfies

1
An(A],) < %H)\l(A;’T) forall x € R" and r > 0. (8.2)

We split the proofs of Theorems 8.1 and 8.2 into several steps. First, to eachmap f : £ — RY
defined on a closed set £ C R" and each family .4 of affine maps over £, we use a Whitney
decomposition of R" \ E together with the maps in A to extend f to a map F : R* — RY
and extend A to a family A" of affine maps over R™ (see Definition 8.3). Second, we make a
series of estimates on F' and A" under the assumption that (f, £, A) is e-almost affine and ¢ is
small (see Hypothesis 8.4 and Lemmas 8.5 — 8.8). Third, we combine these estimates and prove
Theorem 8.1. Finally, at the end of the section, we derive Theorem 8.2 form Theorem 8.1.

Definition 8.3 (Extensions of f and A). Let1 <n < N, E C R"closed, f : £ — RN and A
a family of affine maps over £ be given. For all = € R, pick 2’ € FE such that

d(z) := dist(z, E) = |z — 2/|.

(1) (Whitney cubes) Let WV be a Whitney decomposition of R™\ F, constructed by taking WV to be
the collection of all maximal almost disjoint closed dyadic cubes ) C R" such that 3QNE = (),
where \() denotes the concentric cube about () that is obtained by dilating () by a factor of A > 0.
The collection VWV of cubes satisfies the following properties:

(a) UQEW Q= UQeW 2Q =R"\ E;

(b) (1/y/n)diam @ < d(z) < 4diam @ for all Q € W and for all x € Q;

(©) (1/2y/n)diam @ < d(y) < (9/2) diam @ for all Q € W and for all y € 2Q);

(d) if @, R € W and 2Q N 2R # (), then diam R < 9y/n diam Q;

(€) D gew X2@() Sp 1forallz € R™.
(2) (partition of unity) Let ® = {¢¢ : Q € W} be a smooth partition of unity subordinate to
2W = {2Q : Q € W}, i.e. acollection of C* functions ¢ : R™ — [0, 1] such that

(@) 0 < ¢g < x20 and |9°¢g| S jal (diam Q)% xoq for all @ € W and each multi-index

« of order || > 1; and,

(B) > pew P = Xrn\E and Yy, 0%¢q = 0 for each multi-index v of order || > 1.
(3) (extension of f) For all Q € W, choose some wq € @ such that [wg — wg| = inf,eq d(x).
Set 2 := wpy, rq = diam Q and A := A, ,,. Define F' : R" — R" by the rule

if E

Fo={y I e
ZQGW po(r)Ag(x) ifx e R"\ E.

(4) (extension of A) Construct AT = {A,, : € R",r > 0} D A by defining the maps
Ay, R" — RN ateach x € R™ \ F as follows. For all 0 < r < d(x)/2, define A, . to be the
first-order Taylor approximation of F' at x, i.e. the affine map given by the rule

Ayr(y) = F(x)+ DF(z)(y — ) forally € R".
Forall r > d(x)/2, define A, , = A,/ ,.
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Hypothesis 8.4. Let £ C R"™ be closed, let f : E — R”, and let A be a family of affine maps

over /. Define {x’}xeRn, W, (I), {wQ}QGW’ {ZQ}QGWa {TQ}QGW, {AQ}QEW’ F:R" — RN
and AT D A by Definition 8.3. Assume that (f, £, A) is e-almost affine for some 0 < ¢ < g <

V2 —1.

Lemma 8.5. Assume Hypothesis 8.4. If Q, R € W and 2Q N 2R # 0, then || Ay || ~, || A%
|AG — ARll Sn ellApll and |Ag(x) — Ar(z)| Sn el Agll diam Q for all x € 2Q U 2R.

’

Proof. Let@Q, R € YV and assume that there exists y € 2QQN2R. Recall that diam () ~,, diam R
by Definition 8.3.1(d). It follows that

2 = 2r| < |2 — wo| + |wg — y[ + [y — wr| + |wr — 2g|
< 4diam Q + diam 2Q) + diam 2R + 4 diam R <,, diam Q).
Therefore, since ¢ < 1 and

max{diam @, diam R, 2|zg — zg|}
min{diam @, diam R}

we have [|Afy — A%l Sn emind||AGll, A%} and ||AG || ~n [[AR]| by Lemma 6.1 (6.5) and

~n

(6.6). To continue, observe that for all z € 2R,

T(ZQ7TQ7ZRa7aR) = Sn 17

|z — 2] < |z —y|+ |y —wg| + |wg — 2| < diam 2R + diam 2Q) + 4diam Q <,, diam Q.

Similarly, |z — zg| <, diam R ~,, diam @ for all z € 2¢Q). Hence dist(x, {zg, 2r}) S, diam @
forall z € 2Q U2R. We conclude that [Aq(7) — Ar(z)| <, €| Ay || diam Q for all » € 2QU2R
by Lemma 6.2 (6.11). ]

Lemma 8.6. Assume Hypothesis 8.4. Let t € R" and r > 0. If r > d(x)/2, then
r
d(y)

where C'(n) > 0 denotes some constant depending on at most n, and T : [1,00) — [1,00) was
defined above Lemma 6.1. For all a > 1, there exists € = £(n,a) > 0 such that if, in addition,
some yy € B™(x,2r) \ E satisfies r < ad(yy) and ¢ < g, then

max{[| DF (yo)l, [| 45,1} < 2min{[[DF (yo) |, [| Az [} (8.4)

||DF(y) - A?E’,r” Sn TE <C(n> ) EHA;/,T‘H for Cllly S Bn(I‘,QT) \ E7 (83)

and
|DF(yo) — A || Sna e mind || DF (yo) |, [| A5 11} (8.5)

Proof. Fix x € R™ and r > 0 such that » > d(z)/2. To start we first establish an auxiliary
inequality for the affine maps A such that 2¢) intersects B™(x, 2r).

Suppose that Q € W satisfies 2Q N B"(x,2r) # (. Let p € 2Q N B"(z,2r). For all
z € B"(zq,diam Q),

|z —2!| < |z — 20| + |29 —wg| + |wg — p| + |p — x| + |z — 2|
< diam @ + 4diam @ + diam 2Q + 2r + d(z) < 7diam Q + 4r.
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Since p € 2Q N B™(x, 2r), we have
(1/2v/n) diam @ < d(p) < |p — x| + |z — 2’| < 4r.
Hence diam () <,, 7. We conclude that |z — 2'| <, r for all z € B"(zg, diam @)). Thus,

max{diam Q), 7, 2|zg — 2’|} < r
min{diam @, r} ~" diam Q°
Therefore, for all Q such that 2Q N B(x, 2r) # 0,

T(2g,rg,2',1) =

JAy — AL < T. (0<n> ) cmin{ LA, [ AL} 5.6)

-
diam )
by Lemma 6.1 (6.3), where C'(n) > 0 is a constant depending on at most n such that C'(n)r >
diam Q).

Fix y € B(z,2r) \ E and choose R € W such that y € R. For vectors u € RY and v € R",
letu®v : R® — RY be the linear transformation given by (v ®v)(w) = (v, w)u forallw € R™.
By the product rule,

DF(y) — Ay, = Y Ag(y) ® Doo(y) + dq(y)(Ay — Al ,).
QeW

Recall that the partition of unity was defined so that ¢ (y) = 0 and D¢g(y) = O unless y € 2Q),
> Qew g = Xrm\ g, and ZQGW D¢g = 0. Thus, recalling the definition of the cube 12 above,

DF(y)— AL, = > (Ag(y) — Ar(y)) ® Deq(y) + ¢o(y)(Ay — Al ,).
{QewW:ye2Q}

Therefore, by Lemma 8.5, Definition 8.3.2(a), (8.6), the bound 1 < T(¢) forall 6 > Oandt > 1,
the assumption ¢ < 1, and Definition 8.3.1(e),

. . _ r
|IDF(y) — A’I,JH <. Z &?||A'QH(dlam Q)(diam Q)™ + T (C(n) diam@) é‘HA;/’TH
{Qew:ye2Q}
-
< T. ALl
S g, T2 (gt ) el |

Because diam () ~,, d(y) for Q € W such that y € 2Q), and T.(¢) is increasing in ¢, we obtain
by increasing the value C'(n) > 0 as necessary that

r
DF(y) — AL || <o T (Cn —>5 ALl
IDF(y) M ()d(y) 1Al

This establishes (8.3).
To conclude suppose that y, € B(x,2r) \ E satisfies r < ad(yo). Then, by (8.3),

IDF (yo) = Ay |l S Te (C(n)a) el| Ay || S €ll Azl

That is, | DF(yo) — Al || < C(n,a)el|Al, || for some constant C'(n,a) > 0 depending only
on n and a. Hence, by the triangle inequality (twice),

IDE (o)l < C(n,a)el| Ayl + [[ ANl and AL < Cln, a)el| Ay [l + [ DF (yo) [l
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Therefore, (8.4) and (8.5) hold provided that ¢ < 1/2C(n,a) =: &(n, a). O
Lemma 8.7. Assume Hypothesis 8.4. Let t € R" and r > 0. If r > d(x)/2, then
IF(y) = Aw ()] S el Ay llr forally € Bz, 7). 8.7
Proof. Suppose that z € R™ and r > 0 satisfy r > d(z)/2. There are two cases.

Case (1). Suppose thaty € B(z,2r) N E. Then |y — 2| < |y — x| + |z — 2'| < 2r +2r < 4r,
F(y) = f(y) and

|F(y) — Awr(y)| < |f(y) — Aw ar ()] + | A 2 (y) — Awr 1 (y)].

On one hand, [f(y) — A 4r-(y)| < el|A} 4|47, because (f, E, A) is e-almost affine and y €
E N B™(2',4r). On the other hand,

Az ar(y) — A ()] S eminf|[ A o [, |45 |47

by Lemma 6.2 (6.11), because e < 1, |2'—2'| = 0, dist(y, {2/, 2'}) < 4rand (2, 4r, 2", r) = 4.
Moreover, [| A%, .|| ~ [| A}/ ||, by Lemma 6.1 (6.6). All together, |F'(y) — Ay . (y)| < ell A} .||

Case (2). Suppose that y € B(z,r) \ E. Note that, away from its endpoints, the line segment
connecting y and ¢’ lies wholly within B"(x,2r) \ E. Thus, by Case (1) and Lemma 8.6,

ly—y'|
F) — A0 £ IF) — Aest))]+ [ DF(yHé y|)—A;.T

ly— y\
Soell A lr+elan ) [7 T (co?)

By a change of variables u = t/(C(n)r), we obtain

ly—y/| r ly=y'|/(C(n)r) 3/C(n)
/ T. <C(n)¥> dt = C(n)r / T (uYdu < C(n)r / T (u™Y)du,
0 0 0

since |y —y/| = dist(y, E) < |y —z|+ |z — 2’| < r+2r =3rand T, < T, pointwise. Finally,
observe that 7., (u™"!) = u~21°82(1+0) [2]og(u ') 4 1] is integrable at u = 0, since g < v/2 — 1
(i.e. 2logy(1 + &) < 1). It follows that |F'(y) — Aw - (Y)| Sneo €l AL 7

dt

Therefore, in both cases, |F(y) — Aw(y)| Snyeo €l Ay |7 forally € B(x,r). O

Lemma 8.8. Assume Hypothesis 8.4. There exists ¢ = £(n) such that if, in addition, € < &, then
forallz € R"\ E, forall 0 < r < d(x)/2, and for ally € B*(z,r) CR"\ E,

[F(y) = Awr ()] Sn e s 147,17 (8.8)

( )

and

IDF(y) = DE()[| <n 8% min{|| DF(y)|[, [|DF ()]} (8.9)
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Proof. First let us introduce some notation to facilitate the proof. Let £L(U, V') denote the space
of bounded linear transformations from a normed vector space U to a normed vector space V,
equipped with the operator norm. For any u € U and v € R, define u ® v € L(R",U) by

(u®@v)(w) = (v,w)u forallw e R".
Also, for any u € U and B € L(R",R"), define u ® B € L(R™, L(R™,U)) by
(u® B)(v) =u® B(v) forallve R".

If G : R"® — RY is smooth near y, let D*G(y) € L(R", L(R", RY)) denote the total derivative
of the map z — DG(z). We note for use below that

N
a 9°G' G\
| Wl s:up:1 Z P G Ox;0xy, ) - 12,%}& <8x-8xk (y)) 7 ( )
Ip|=lq| k=1 J i J i=1
where G = (G*, ..., G") and the inequality follows by letting p and ¢ range over {ey, ..., e,}.

Fix ¢ < &(n, 1) (see Lemma 8.6) to be specified below and assume thate < €. Letx € R"\ £,
let0 <r < d(x)/2,andlety € B"(x,r). Then

F(z)= > ¢q(2)Aq(z) forall z € B"(y,d(y)/2). (8.11)
{Qew:ze2Q}

First, differentiating (8.11) at z near y, we obtain

DF(z) = Z Ag(2) @ Dpg(2) + dpo(2) Ay forall z € B"(y,d(y)/4).  (8.12)
{Qew:ze2Q}

Second, differentiating (8.12) at z = y, we obtain

D’F(y)= Y 24,® Dogly) + Ag(y) ® D*¢q(y). (8.13)
{Qew:ye2Q}

Choose any cube R € W such that y € R. Because Y\, Ddg = 0and 3.\, D*¢q = 0,
we can rewrite (8.13) as

D’F(y)= Y 2(Ay — AR) © Dég(y) + (Ag(y) — Ar(y)) ® D’ (y).
{Qew:ye2Q}
Thus, by Lemma 8.5, Definition 8.3.2(a), and Definition 8.3.1(e),
|4l lAgl diam @ 14l
ID’FWIl Sn Y. e g — <, max_ e . (8.14)
(QEvae20) diam @ (diam Q) {Qew:ye2Q}  diam )
Suppose that () € W is such that y € 2¢Q). On one hand, since d(z) > O and y € B"(x,d(z)/2),
d(x) ~ d(y) ~, diam Q. (8.15)

On the other hand, |z — 2g| < |z — y| + |y — wo| + |wg — 2z¢| S, diam Q. It follows that

d(x)) _ max{diam Q, d(z)/2,2|zq — z|} <

2 min{diam Q, d(z)/2} Sl

T (zQ,diam Q,,
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Hence [|AG || ~n (|4} 40y 2]l = 1A% 40y /2|l by Lemma 6.1 (6.6). Combining this observation
with (8.14), (8.15), and Lemma 8.6 (8.4), we conclude that

€||A;c’,d(z)/2H < EHDF(QJ')H
dz) "~ d(z)

Therefore, there exists a constant C'(n) > 0 depending on at most n such that

IDF@I, e ctme 1 DF(
) Vel = ClegasIiDE@)] (8.17)

for all y € B"(x,r), where the first inequality holds by the mean value theorem and (8.16).
Applying the triangle inequality, (8.17) and the bound r < d(x)/2 (twice each), we see that

ID*F(y)|| <n for all y € B"(z, 7). (8.16)

IDF(y) = DF(x)|| < C(n)e

IDF(@)]| < Cn) S| DF(@)| + | DF(y)] and

. (8.18)
|DF(y)l| < C(n)§||DF(fC)H + | DF(2)]].
We now insist that ¢ < 1/C'(n), which ensures that
max{||DF(x)|, |DF(y)||} < 2min{||DF(z)|, [|DF(y)|/} (8.19)

by (8.18). Combining (8.17) and (8.19) yields (8.9). Finally, by Taylor’s remainder theorem,
F(y) = Auy(y) = Fy) — F(z) = DF(z)(y — 2)

n N

=S [0 (oot -a)

Jik=1 =1

Therefore, by the triangle inequality, our assumption that |y — z| < r, and (8.10),

|F(y) — Au( ’<Z’y]_x]Hyk ku/ (8 akart(y—x))):Vl

j,k=1

/ Z ‘(aija;k “t<y—x>>)z.v

=1

82}71‘ N
(89& 0x (z))
JYLEk i=1

Applying (8.16) yields (8.8). U

dt

dt

§7"2 sup n? max
seley) \ SIS

) Sn sup || D*F(2)]r".

2€[zy]

We are ready to prove Theorem 8.1.

Proof of Theorem 8.1. Assume Hypothesis 8.4 with parameter £ := min{2/5,&(n, 1),£(n)} <
V2 — 1 (see Lemmas 8.6 and 8.8). We proceed in two steps.

Step 1. The family A" is Ce-compatible over R™ for some constant C = C'(n) > 1

Fix z,y € R" and r, s > 0 such that |z — y| < max{r,s} and 1/2 < r/s < 2. We shall
estimate [|A), . — A} (|| in three separate cases:
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Case (1). Assume that r > d(x)/2 and s > d(y)/2. Then
|2 —y| < |2’ — 2+ |z —y| + |y — ¥ < d(z) +max{r, s} + d(y) < 5max{r, s}.
In particular,

max{r,s, 2|z’ —y'|} _ 10max{r,s}

T(I/7T7 ylvs) = < 20.

min{r, s} ~  min{r, s}
Therefore, [| A}, . — A || = [| Ay . — Ay (| S emin{ || AL | 1Ay (M} = e min{ | AL L[], (1A 11}
by Lemma 6.1 (6.5).
Case (2). Assumethatr > d(z)/2and s < d(y)/2. Sincey € B"(x,2r)\Eandr < 2s < d(y),
1A% = Ayl = 1 Aar s = DF(y)l| Sn e min{[|AL | [DF(y)l|} = min{[| AL [, 14, [}
by Lemma 8.6.
Case (3). Assume that r < d(x)/2 and s < d(y)/2. Since |x — y| < r,
1A%, = Ay sl = 1 DF(x) = DF(y)[| Sn e min{[|DF ()|, [|DF (y)||} = emin{ || A, [], 4, I}
by Lemma 8.8.
Therefore, A* is Ce-compatible for some constant C' > 1 depending only on n.
Step 2. (F,R"™, A") is Cye-almost affine for some constant Co = Cy(n) > 1.

Let y € B"(z,7). On one hand, if r > d(x)/2, then |F(y) — A.,(y)| S €|l A, ||r for all
y € B"(z,r), by Lemma 8.7. On the other hand, if » < d(x)/2, then |F(y) — A..(y)| <n
e|| A, ,.||r for all y € B™(x,r), by Lemma 8.8. Therefore, (F,R", A*) is Cje-almost affine for
some constant C > 1 depending only on n. 0

We now derive Theorem 8.2 from Theorem 8.1.

Proof of Theorem 8.2. Let H > 1,andlet 1 < p < 2be given. Fixe; € (0, €¢] to be chosen later
and put C; = Cj, where ¢ and Cj are the constants from Theorem 8.1. Assume Hypothesis 8.4
with e < ¢,. In addition, assume that f is nonconstant and A\, (4}, ,) < H\(A), ) forallz € E
and r > 0. By (the proof of) Theorem 8.1, (F,R", A") is Cye-almost affine. Thus, to establish
Theorem 8.2, all that remains is to show that F’' is weakly pH-quasisymmetric. We break the
argument into three steps.

Step 1. If ; is sufficiently small, then \,(A}, ) < ((p+1)/2)H\(A,,,) forall A,, € A"

Fix v € R" \ E. On one hand, if r > d(x)/2, then A,, = A, , € A. Hence \,(4],) <
HX;(A,,) for all > d(x)/2. On the other hand, suppose that 0 < r < d(x)/2 =: 4. Then
Ay, is the first-order Taylor approximation of /" at x and A, = DF(z). By Lemma 8.6 (8.5),
we have ||A} . — AL, ;|| < Coel|A} || = CaeA,(A,) for some Cy = Cy(n) > 0. Thus, since
A(AL5) < HG(AL ).

A Ay p) = 1AL < A, — A sll + Al < Casdn(AL,) + H inf | Az 521

< (1 H)Co (A + H inf |4 2] S 2HCHeM(AL,) + HAI (AL,
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In particular, A, (A} ) < ((p+1)/2)HM (AL ,) ifer < ((p — 1)/(p+ 1))/2HCs. Therefore,
M(AL,) < ((p+1)/2)HN (A,,) forall A,, € AT if £, is small enough depending only on n,
H and p.

Step 2. If 1 is sufficiently small, then Hp(R") < pH.

Fix z,y, z € R" such that |y — 2| < |z — x| =: r. Assume that ¢, satisfies the constraints of
Step 1. Then, since F' is Cie-close to AT and A, , is weakly ((p + 1)/2) H-quasisymmetric,

|F(y) — F(2)] < 2Ciel| Ay I + [Aar(y) — Axr(2)]

1
< 2018”14;17,”7"'}- (p;— )H|Aa:’r( )_Aa:,r(x”

< (24 (p+ DH)Che|| A, |Ir + (p+1)H|F() F(z)|.

To continue, observe by similar reasoning that
p+1
||AZB,7‘||T 9 H|Ax7“( ) _Ax,r(x”

<+ DHCEAL I+ (5 ) HIFG) - Flo).

Hence, if e, < 1/2(p + 1)HCy, then || A, [|r < (p+ 1)H|F(z) — F(z)| and

F(y) ~ F@)| < 2+ (o VH)Cielp + DHIF(:) = F(2)| + P22 HIF(:) ~ F(a))

< 15HCeH|F(2) — F(2)| + %H\F(z) _ F(z)].

Therefore, if 61 < (p — 1)/30HCY, then |F(y) — F(x)| < pH|F(z) — F(x)| for all z,y, z such
that |z — y| < |x — z|. Thatis, Hr(R™) < pH if ¢, is sufficiently small.

Step 3. If = is sufficiently small, then F' is weakly pH-quasisymmetric.

First, assume that C'je; < &, which guarantees that F' is (locally Holder) continuous by Lemma
6.3. Second, note that I’ is nonconstant, since f is nonconstant and /' extends f. Third, assume
that £, is small enough so that the conclusion of Step 2 holds. Then, because F' is continuous
and nonconstant and Hr(R"™) < pH, the map F' is weakly pH-quasisymmetric, by Lemma 2.5.

To complete the proof of the theorem, choose ¢; sufficiently small so that the conclusion of
Steps 1 and 3 hold. Reviewing each of the constraints imposed on € in Steps 1 through 3 above,
we see that £; can be chosen to depend only on n, / and p. U

9. EXTENSIONS OF ALMOST AFFINE MAPS []: BETA NUMBER ESTIMATES

The goal of this section is to prove Theorem 4.9, which for convenience we now restate.

Theorem 9.1. Suppose 1 < n < N — 1. Forall ¢ > 0, there exists ¢, = e.(e,n) > 0 with
the following property. If for some x € R” andr > 0 amap f : RY — R is e,-almost affine
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over B"™(x,97), f|pn (437 is a topological embedding and ﬁlf(BN(x, 3r)) < e, and there exist
a closed set E C B"(x,r) and constants vg > 0 and Cy > 0 such that
diam F > g diam B"(x,r) 9.1
and . p
/ Hy(BY(y,5)? =2 < Cp forally € E, (9.2)
0 s
then there  exists a quasisymmetric map F :R" — RY such that F|g = f|g, F is e-almost affine
over R", Hp(R") < ¢, diam F(B™(x,1)) ~n N, diam f(B"(x, 7)), and

o d
/ /BF(Rn) (F(y), 8)2 ?S (Sn,N Cg + g2 forall y € R". 9.3)
0

The extension in Theorem 4.9 / Theorem 9.1 will be constructed by applying Theorem 8.2 with
a compatible family A of affine maps over E satisfying two additional properties: A is stable at
large scales (recall Definition 6.5); and, A is adapted to f at small scales (recall Definition 6.7).
More precisely, we use A given by the following lemma.

Lemma 9.2. Foralln > 1 and e > 0, there exists €' = £'(e,n) > 0 with the following property.
Letx € R, letr > 0, and let E C B"(x,r) be a closed set. If f : R™ — RY is &’-almost affine
over B™(x,9r) and [:Tf(B”(:U, 3r)) < €, then (f, E, A) is e-almost affine for some e-compatible
family A of affine maps over E such that

M(Ays) < (T4+e)M(Ays) forall Ay, € A, (9.4)

A is adapted to [ at small scales, and A is stable at large scales. Moreover, A can be chosen
such that for all y € E and 0 < s < diam F,

|f(2) = Ays(2)| < ellA, (lls  forall z € B"(y, s). 9.5)

Proof. Letx € R",letr > 0,and let E C B™(z, ) be closed. Let ¢ > 0 arbitrary be given, and
fix & > 0 to be specified later. Suppose that f : R® — RY is ¢’-almost affine over B"(x, 9r),
and ]:lf(B”(x, 3r)) < &. Werequire P’ < 1. Then, by Lemma 6.8, there exists a Pc’-
compatible family B of affine maps over B"(x, 3r) such that B is adapted to f at small scales
and (f, B"(z,3r),B) is P<’-almost affine. Let By = {B,, : « € E,r > 0} denote the
restriction of B to affine maps over E. If B, ; € By for some y € Fand 0 < s < diam £, then

B,s(y) = f(y) and B, (y+se;) = f(y+se;) foralli=1,...,n,

since s < diam B"™(x, 3r) and B is adapted to f at small scales. In other words, B is adapted
to f at small scales, as well. Choose any y. € E. Then, by Lemma 6.6, we know that (f, £, A)
is Pe’-almost affine, where the family A of affine maps over F is defined by

A B, s if s < diam F,
v By*,diamE if s > diam E.

In particular, A is a Pe’-compatible family of almost affine maps over E that is simultaneously
adapted to f at small scales and stable at large scales.
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Next we estimate the weak quasisymmetry of affine maps in A. Fix y € Fand 0 < s <
diam E. Then A, ; = B, s and B"(y, s) C B"(x,3r). It follows that

1f(2) = Ays(2)] < PE|A, ||s forall z € B"(y, s), (9.6)

since (f, B"(x,3r), B) is P<’-almost affine. Also f(y) = A, s(y), because A is adapted to f at
small scales. Hence

|4y slls = sup |Ayo(2) = Ays(y)| < P A s+ sup [f(z) = f(y)l

|z—y|=s lz—y|=s

f(z) = f(y)l
S P2+ N[IA Llls + (1 +€)Ai(A],,)s.
Thus, stipulating (1 +¢)/(1 — Pe'(24¢')) < 1+-¢,
Al(Ay,) = 14 < (L+2)An(4),) ©7)

forally € Fand0 < s < diam E. Recall thatify € F'and s > diam E, then A, ; = A, diam B-
Therefore, (9.7) holds for all y € E and s > 0.

Examining the constraints put in place at various stages above, the lemma holds provided that
¢’ > 0 is sufficiently small such that Pe’ < min{1,e} and (1+¢')/(1—Pe'(2+¢')) < 1+e. O

< PEA s+ (1+€) | in‘f
z—y|=s

At last, we are ready to prove Theorem 4.9 / Theorem 9.1.

Proof of Theorem 4.9 / Theorem 9.1. 1t suffices to prove the theorem when € > 0 is small. Thus,
let £ € (0,1/2 — 1) small enough such that

3 1

be given. Choose ¢, € (0,¢) to be specified below. Fix z € R", r > 0, and a closed set
E C B"™(x,r) satisfying (9.1) for some vz > 0. Suppose a map f : RY — R¥ is ¢,-almost
affine over B"(z,9r), f|5n (4,3 is a topological embedding and ﬁf(BN(:C, 3r)) < &, and there
exists C' > 0 such that (9.2) holds. Let C} = C(n) and e, = €1(n, H, p) be the constants from
Theorem 8.2 corresponding to

Hzl—i—%e and p:nlin{2,11+—+;}.
Lete’ = ¢'(min{e/2,e/C1}, n) be the constant from Lemma 9.2. Assume e < Cje; ande, < €.
By Lemma 9.2, we can find a family A of affine maps over E such that A is adapted to f
at small scales, A is stable at large scales, \,(A; ) < HA\i(A) ) forally € Eand s > 0,
and (f, E, A) is ¢/C}-almost affine. Moreover, we can choose .4 such that for all y € F and
0 < s<diamF,

1f(2) = Ayu(2)] < gHA;Ays for all 2 € B"(y, 5). 9.9)

Note that the map f| is nonconstant, since f|z~(, 3, is an embedding and diam £ > 0. Thus
f|E satisfies the hypotheses of Theorem 8.2. Using the proof of Theorem 8.2, extend f|g to
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amap F : R" — RY and extend A = {4, : y € E,s > 0} to a family of affine maps
At ={A,;:y €R" s> 0} over R" such that

(F,R", A") is e-almost affine, (9.10)
F is weakly (1 + ¢)-quasisymmetric, 9.11)

and
A(AL,) < (14 3) M(A],) forally € R",s > 0. (9.12)

Then F is quasisymmetric by (9.11) and Corollary 2.3. In fact, since Hrp(R™) <14 ¢ < 2 and
Hy(B™(x,3r)) < 14¢, < 2, Corollary 2.3 implies that the maps F' and f| g (5 3,) are uniformly
quasisymmetric with some control function determined by n and N. Hence
diam f(F) diam F'(E)
diam f(B"(z,r)) "™ diam F(B"(z, 1))
by (9.1) and Lemma 2.1. Because f(F) = F(E), we conclude that

diam f(B"(z, 7)) ~n N, diam F(B"(z,7)).

To complete the proof, we must convert the Dini conditions (9.2) on H (B"(y,-))*atally € E
into Dini conditions (9.3) on Spg~)(F(y), ) atally € R™

Before moving on to the main argument, we stop and record a few estimates for F' and f.
First, by (9.8), (9.10), (9.12), and Lemma 6.4, we have that for all y € R"™ and s > 0,

1
§||A;75||8 <|F(2) = F(y)| <2||4,  |ls forall z € 0B"(y, s). (9.13)

Since Hp(R™) < 1+ ¢ < 2, it follows that for all y € R™ and s > 0,
1
inf |F(w) - F(y)| >

lw—y|>s 2

1
sup |F(2) = Fly)] > 7114, ls

|z—yl=s

Thus, for all y € R" and s > 0,
n ]' n
F(R")n BY <F(a:), A—LHA’y,SHs) C F(B"(y,s)). (9.14)

We can obtain similar estimates for f in place of F' by using (9.9) and repeating the proof of
Lemma 6.4. Indeed, by (9.8), (9.9), and by the fact that A is adapted to f at small scales, we see
that forall y € F and 0 < s < diam F,

1f(2) = W) < |f(2) = Ays(2)] + [Ays(2) — Ays(y)]
< (1 + g) A, s < 2|4 ||s forall = € OB™(y, ).
Also, forally € Fand 0 < s < diam F,
1£(2) = )] = [Ays(2) = Ay ()] — [ f(2) — Ays(2)]

. . P 1 . (9.16)
> (7= 5) 14002 G orall = € 9B(y,9).

Similar considerations give that forall y € £ and 0 < s < diam F,
|14 slls < diam f(B"(y,s)) < 3[|4] ]|s. 9.17)

(9.15)
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Now, because A is stable at large scales, there exists y, € F'suchthat A, := Ay, giame = Ay s
forall y € E and s > diam E. Assign s, := || A’ || diam E. We note that for all y € E,

1
7(y, 5 diam F, y,, diam E) < 4.
Hence, [|AL[| ~ [|A? , ... pll forally € £ by Lemma 6.1 (6.6). Therefore, in view of (9.17),
2

1
Sy ~ diam f <B" (y, 5 diam E>) forally € F. (9.18)
The argument now breaks up into three major steps.
Step 1. For all y € R™ and for all T > 0, ff; Bren (F(y),s)*s tds < (/7).

The underlying reason is simple: Since 4 is stable at large scales, F'(R™) can be approximated
by a fixed n-dimensional plane at all locations and large scales. We now supply some details.
Recall that d(y) = dist(y, £) for all y € R". On one hand, if y € R" and d(y) > (9/2) diam E,
then diam @) > (2/9)d(y) > diam E for all cubes () € W such that y € 2() by Definition
8.3.1(c). Hence, for all y € R™ such that d(y) > (9/2) diam E,

Fly) =Y do®)Aely) = Y do(y)Au(y) = Au(y).

QeW Qew
On the other hand, if y € R™ and d(y) < (9/2) diam E, theny € B"(y., (11/2) diam F). Thus,

11
|F(y) — Au(y)| < 5||A;H? diam E < es,.  whenever d(y) < (9/2) diam £,
because (F,R", A") is e-almost affine. Comparing F'(R") with the plane A, (R™), we obtain
1
Breny(F(y),s) S —(es,) forally e R", s > 0.

s
Therefore, for all 7 > 0,

> s > ds
| pran @ P S sy [ S
This completes Step 1.
Step 2. Forally € E, fooo Brem (F(y),s)?stds Spn Cp + €%

To establish this step, we use the assumption that A is adapted to f on small scales. Fixy € F
and 0 < s < diam F, set

1
b= By (0 714,05

and choose an n-dimensional plane L in R" such that
1 1
st L) < 36,14, s torattp € @) 0 BY (50,5140

(The reason that we work with the scale ;|| A/, ||s will become apparent below.) Fix x € (0,1)
to be chosen momentarily. By (9.15) and Lemma 6.1 (6.4),

F(2) = F)] < 2014, ullis < 200+ T(1/p)e) |4, llus  forall = € DB™(y, ps).

Y,us
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Since € < \/5 — 1,
2014 T.(1/v)e)r < vi 28+ og(1 /1) - 0 asv — 0.

Hence we may choose 4 to be sufficiently small so that f(B"(y, uus)) € BN (f(y), 1114,..lls),
which guarantees

1
dist(f(2),L) < 5&”%1;75“3 for all 2 € B"(y, us). (9.19)

Fix A € (0, 1) to be specified later (look after (9.23)), depending only on n. We shall use the
n-dimensional plane L to estimate Bprn) (F(y), ;| A .l As).

Let ¢ € F(R™) N BN (F(y), ||Ay ausl|As). By (9.14) applied at scale A\uus, we can write
q = F(z) for some z € B"(y, )\us) If z € EN B(y, Aus), then F(z) = f(z), and by (9.19),

i 1
dist(F(z),L) < 555”14;15”8. (9.20)
On the other hand, suppose that z € B™(y, )\,us) \ E. Then
Z ¢Q AQ Z (bQ zQ,diamQ(Z), (921)

where the sum is over all cubes Q € W such that z € 2@). For any such cube (), we have
|2 — 20| < |2 —wo| + |wg — 2¢| < diam 2Q + 4diam Q = 6 diam Q < 12y/nAus, (9.22)

where the last inequality holds by Definition 7.3.1(c) and the bound d(z) < |z — y| < Aus.
Hence

|20 —y| < |20 — 2| + |2 — y| < 12¢/nApus + Aus < 13v/nAus. (9.23)

Setting A := 1/26+/n ensures that zo € E N B"(y, sps) and diam Q < 2v/nAus < tAus.
Since A is adapted to f at small scales and diam ) < %)\us < diam F, we have
Ag(zg + (diam Q)e;) = f(zg + (diam Q)e;) foralli =0,...n

where eg = 0 and ey, . . ., e, is a standard basis for R". Thus, by (9.19),

1
dist(Ag(zg + (diam Q)e;), L) < EﬁsHA;,sHS foralli =0,...n. (9.24)
We now introduce an auxiliary affine map B : R" — RY, with an aim of invoking Lemma 6.9,
as follows. For each 7 = 0, ..., n, choose u; € L such that
|Ag(zg + (diam Q)e;) — u;| = dist(Ag(zg + (diam Q)e;), L). (9.25)

Then let By : R® — R” be the unique affine map such that Bg(zq + (diam Q)e;) = u; for all
i=0,...,n. Note that Bo(R™) C L. SetV = {vp, ..., v,}, where each v; := 2o+ (diam Q)e;.
Then diam V = /2 diam Qand ¥ (V) = 2m/2p| (see 6.26). Thus, combining (9.24) and (9.25),
we observe that

s||A
|Ag(v) — Bg(v)] < (%) diamV forallv e V.
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Therefore, by Lemma 6.9,

_ < [ 2Pl4lls 8/2(9y)(n+1)/2 '
|Ag(z) — Bg(2)| ( Tam V (diam V' + 2%%(2n) dist(z, V))

Since dist(z, V) < |z — 2g| < 6diam Q = (6/+/2) diam V by (9.22), it follows that

dist(Aq(2), L) < [Aq(2) — Bo(2)| Su Aell A s (9.26)
for all Q € VW such that z € 2(Q). Together (9.21) and (9.26) yield
dist(F'(2), L) Sn Bl Ay Llls forall z € B"(y, Aus) \ E. (9.27)
Combining (9.20) and (9.27), we conclude that
1
ist(0,£) 0 LAl forall g € PR N B (F(). 314,005

Using the fact that || A ~n || 4, .|l (by Lemma 6.1 (6.6)), it follows that

Bl A sl 1
Brmn) < (), HAy JWRIRVIE ) Sn W Sn Br@n) (f(y), ZHA%SHS) (9.28)

forally € £ and 0 < s < diam F where A\u € (0, 1) depends only on n.
We now adjust the scales in (9.28) so that they are compatible with Lemma 4.2. First, by
(9.15) and (9.16),

S+ se) = Fw)] < 1405 < GG+ sen) = F)L
Hence, by (3.1),
B (100, 5145.05) S B (00, 3150 +5e0) = S ). 929

Second, note that || A

y)\,us”

Y,AUS

|Aus ~n || A5 slls. By (9.15) and (9.16), it follows that

ykus’

IIAy wsllAes o |A ls ~ [f(y + sex) — f(y)]-
Hence, there exists a constant w > 0 depending only on n such that
By (Pl 0+ 1) = F) S0 ey (FO0) G M allins)  030)
by (3.1). Combining (9.28), (9.29), and (9.30), we obtain
ﬁF(R") (F(y),w|f(y +se1) — fy)]) <n 5f(an) (f(?/)a %|f(y + se1) — f(?/)|) .

Therefore, by Lemma 4.2,

Bram (F(y),wlf(y + se1) — f(y)]) San He(BY (y,2s)) (9.31)
forally € Fand 0 < s < diam E.
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Observe that f is a quasiconformal map on the open ball BY (z, 3r) with maximal dilatation
K;(BY(x,3r)) < Hy(BN(z,3r))V~! < elV=! <y 1. By replicating the proof of Corollary 4.3
with (9.31) instead of (4.2), one can show that there exists a constant C' = C'(n, N) > 1 so that

diam f(BN(y,% diam E))/C ) ds % diam £ N ) ds
/ Brae(P) P S <€ [ pBY s 03
0

Note that diam f(B"(y, 3 diam E)) < diam f(B"(y, : diam E)) and 1 diam £ < r. Hence

diam f(B”(y,§ diam E))/C N d
/ Bram (F(y), s ) =< 0/ Hp (B (y, 5))’— <CCp. (933)

0

by (9.2). Therefore, in view of (9.18), there is 7 ~ 1/C' > 0 depending only on n and N so that

ds
/ By (F(w), 5% S .

Incorporating the estimate from Step 1, we conclude that for all y € F,

/ Br@m) (F / Br®n) / Br®n) ;) %

Sen Ce + ( ) Snv Cp + €7,
as desired. This completes Step 2.
Step 3. Forally € R*\ E, [;° Bren(F(y),s)*s ds Spn Cp + €%

We exploit the fact that £ is smooth far away from E. Lety € R"\ Fandlet0 < s < d(y)/2.
Then A} , = DF(y) = A}, forall t < d(y)/2. Leta(y) := || DF(y)||. By Lemma 8.8,

s s
sup |F(z) — Ays(2)| Sne——1IA, Jlls = e=——al(y)s.
ZEB(%S)| (2) = Ays(2)] d(y)“ v.s| i) ()

Hence, since F'(R™) N BY(F(y), sa(y)s) C F(B"(y, s)) by (9.14), we obtain

Br®rn) (F(y), ia(y)s) < @s for all s < d(y)/2.

Thus,

o\
2
<
=
QV
Cl
E
=
=
Py
s
\‘CID
N—
o
| QL
(V)
Il
o\
[

d(y) 1 2 ds
Brn) (F (y),za(y)5> ~

S
2 r3d(y)
<n (—6 ) /2 sds §52.
d(y) 0

On the other hand, writing 0 = |F'(y) — F'(y')| where v/ € E is a point satisfying |y —¢'| = d(y),
we have BY (F(y),t) € BN(F(y'),t + d) forall t > 0. Fix ¢ > 0 to be chosen later. Then

(9.34)

BYN(F(y),t) c BN(F(y),t+6) c BY (F(y’), (1 + %) t) for all t > o6.
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Hence, by (3.2),

Therefore,
o0 dt 1\? [ 1 2 dt
(Fy), 12— < ([1+= m | FG)), [1+=)t) —
[ 07y < (14 1) [ e (P00 (142) 1) 4
1 2

SnN <1 + E) (CE + 52) )

where the last inequality holds by Step 2. Next, note that 6 ~ || A} ;. [ld(y) ~ sa(y)d(y) where
the first comparison holds by (9.13) and the second comparison holds by Lemma 6.1 (6.6) since
A is e-compatible for some ¢ < 1. Choose o > 0 sufficiently small so that 00 < £d(y)a(y).
Then, combining (9.34) and (9.35), we obtain

(9.35)

o0 ) ga(y)d(y) ,ds 0 ,ds
| PP T < [T B (P P+ [ e (Pl
0 0 o

1\ 2
Sn,N 52 + (1 + ;) (CE + 52) ,Sn,N CE + 62
for all y € R™ \ E. This completes Step 3 and the proof of Theorem 4.9 / Theorem 9.1. U
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